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Abstract. If L = and M is a finite set, then is a compact space; a cellular 
automaton (CA) is a continuous transformation — >-A^ that commutes with 

all shift maps. A quasisturmian (QS) subshift is a shift-invariant subset obtained 
by mapping the trajectories of an irrational torus rotation through a partition 
of the torus. The image of a QS shift under a CA is again QS. We study the 
topological dynamical properties of CA restricted to QS shifts, and compare them 
to the properties of CA on the full shift A^. We investigate injectivity, surjectivity, 
transitivity, expansiveness, rigidity, fixed/periodic points, and invariant measures. 
We also study ‘chopping’: how iterating the CA fragments the partition generating 
the QS shift. 
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Let D > 1, and let L = Z^ be the Il-dimensional lattice. If M is a (discretely 
topologized) finite set, then A^ is compact in the Tychonoff topology. For any 
V G L, let a'' : A^ — >A^ be the shift map: cr''(a) = where be = a^-v, 

for all £ G L. In particular, if H = 1, let cr = cr^ be the left-shift on A 
cellular automaton (CA) is a continuous map $ : A^ — >A^ which commutes with 
all shifts: for any £ G L, cr^ o <!> = <!> o cr^. A result of Curtis, Hedlund, 

and Lyndon m says any CA is determined by a local map cf : —>A (where 

B C L is some finite subset), such that, for all £ G L and all a G A^, if we define 
= [amlbeB G then $(a)(. = cf 

In Hof and Knill studied the action of CA on ‘circle shifts’, a class of 
quasiperiodic subshifts similar to Sturmian shifts 123 EM]. They showed that the 
image of circle subshift under a CA is again a circle shift, and raised two questions: 

• Empirically, iterating the CA fragments the partition generating the circle 
shift. Why? 
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• Is the action of a CA injective when restricted to a circle subshift? 

In this paper, we generalize U by studying the action of CA upon quasisturmian 
systems. In ill we introduce notation and terminology concerning torus rotations, 
measurable partitions of tori, and the Besicovitch metric ds m We introduce 
, the space of measurable partitions of a torus T, endowed with the symmetric 
difference metric d/\. In we introduce quasisturmian (QS) shifts, which are natural 
generalizations of the classical Sturmian shift [^l33l. obtained by tracking the 
trajectories of a torus rotation system (T, <;) through a fixed open partition of T. 
Likewise, a QS measure is obtained by projecting (^-trajectories through a measurable 
partition of T. We refer to both QS shifts and QS measures as quasisturmian 
systems. A QS sequences is (roughly speaking) a ‘typical’ element of a QS shift. 
We define 06c^ to be the set of all QS sequences in generated by the rotation 
system (T, (^). 

In we examine the action of a CA on a QS system, and generalize the results of 
^ , to show that any CA $ induces a natural transformation d),; on (Theorem 
EU. The ‘induced’ dynamical system (A'^, ^a, $<;) is a topological dynamical 
system, because is Lipschitz relative to d/\ ('Pronosition l.S.dll . There is a natural 
conjugacy between a subsystem of (A'^, ^a, $<;) and the system (06;^, <f>) 

(Proposition IT 511 . 

2] contains auxiliary technical results for ^ and (El In El we address Hof and 
Knill’s first question, and show how a partition is ‘chopped’ into many small pieces 
under iteration of . In El we address Hof and Knill’s second question, and show 
that, ‘generically’, a CA restricted to a QS system is injective fTheorem 16.111 . El 
is auxiliary to m and El In El we compare the surjectivity of (A’^,dA,‘I’) and 
(A*", $); we show that the map — >X^ is not generally surjective, but does 

have a dA-dense image in X^ if is surjective (Proposition . In El we study 
QS fixed points, periodic points, and travelling wave solutions for $. 

m and EH contain auxiliary machinery for E21 E31 and EH In E21 we 
give an example of a CA which acts expansively on (06^, ds) (Proposition 
thereby refuting a plausible conjecture arising from p'0]| . In HI 31 we show that linear 
cellular automata are either niltropic or rigid when restricted to a quasisturmian 
shift (Proposition^^!; in HI41 we use this to show that most linear CA have 
no quasisturmian invariant measures (Proposition If 4.51 1 ill 51 constructs a class 
of quasisturmian measures which are not asymptotically randomized by a simple 
linear CA. 

Sections El El 0 m El El andlTKlare logically independent. iHdl denends on ill HI 


1. Preliminaries and Notation 

If £,n € Z, then [£...n) = {m G Z ; i<m< n}. If (X, d) is a metric space and 
x,y G X, then means d{x,y) < e. Let A4(X) be the space of (Borel) 

probability measures on X. If A G A4(X), then means “A-almost every cc.” 

Likewise, “A-®” means “A-almost everywhere”. A meager subset of X is a nowhere 
dense set, or any set obtained through the countable union or intersection of other 
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meager sets; it is the topological analog of a ‘set of measure zero’. A comeager 
set is the complement of a meager set. A statement holds ‘topologically almost 
everywhere’ (top.ae) on X if it holds for all points in a comeager subset. 

A topological dynamical system (TDS) is a triple (X, d, ip) where (X, d) is a 
metric space and p : X—i-X is a continuous transformation. If (X, d, (p) is another 
TDS, then a TDS epimorphism is a continuous surjection / : X—>X such that 
f o p = (po f] if / is a homeomorphism, then we say / is a TDS isomorphism. 

A measure-preserving dynamical system (MPDS) is a triple (X, p, p) where (X, p) 
is a probability space and p : X—s-X is a measurable transformation such that 
p{p) = p. If (X.,]I,p) is another MPDS, then an MPDS epimorphism is a measure¬ 
preserving map / : X—>X such that f o p = p o f; if f is bijective {p-te), then / 
is an MPDS isomorphism. 

Let L = be a lattice. A topological h-system (TLS) is a triple (X, d, c) where 
(X, d) is a metric space and c is a continuous L-action on X; if f € L, then we 
write the action of i as For example, if A is a finite alphabet and X = is 
the space of all L-indexed configurations of elements in A, then L acts by on A^ 
by shifts; we indicate the shift action by a, and {Af"^ dc,cr) is a TLS (where dc is 
the Cantor metric -see below). A subshift is a (Cantor)-closed, cr-invariant subset 
X C A^; then {X,dc,(^) is also a TLS. 

A measure-preserving h-system (MPLS) is a triple (X, ^,c) where (X, ^) 
is a probability space and is a /i-preserving L-action on X. We define 
(epi/iso)morphisms of TLS and MPLS in the obvious way. A measurable subset 
U C X is c-invariant if ^ [U A c^(U)] = 0 for all £ S L, and (X, /i,c) is ergodic 
if, for any c-invariant set U, either /i[U] = 0 or /J.[U] = 1. For any N > 0, let 
M{N) = [-N..N)^ c L. Thus, |1(A^)| = {2N)^. 

Generalized Ergodic Theorem: If (X, p, c) is ergodic, and U C X is 
measurable, then for aii ^ x S X are {p, c)-generic for U, meaning that 

1d(5‘w). oIHlIMI 

' ’ beB(Af) 

For example, if p G M.{Af") is a-invariant (ie. cr^ip) = p, for all £ G L) then 
{Af", p, a) is an MPLS. An element a G A^ is p-generic if a is {p, cr)-generic for all 
cylinder sets of A^. 

The Cantor and Besicovitch metrics: The standard (Tychonoff) topology 
on A^ is induced by the Cantor metric: 

For any p, q G dc(p, q) := 

where D(p, q) := min{|£| ; £ G L, pf ^ 

The topological dynamics of CA in this metric were characterized in [HHg. For 
our purposes, however, it is more appropriate to use the Besicovitch metric [SolEl 
(see also m I2S]), defined as follows. If JJ C L, then the Cesaro density of JJ is 
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defined: 


density (J) := 


lim 

N^oc 


#(jnB(iV)) 


{2N)D ’ 

if this limit exists. If not, then the upper Cesaro density oi J is the limsup: 

#(jnB(iV)) 


density (J) := limsup- 

N^OC 


i2N) 


D 


We define the Besicovitch (pseudo)metric on as follows: 


ds (p, q) = density (£ G L ; ), for any p, q G 


This is only a pseudometric because it is possible for (iB(p,q) = 0 while p yf q, 
as long as p and q disagree on a set of upper Cesaro density zero. Thus, 
we identify any element p G with its Besicovitch equivalence class p = 
{q G A}" ; dB(p, q) = O}. Let A^ be the set of equivalence classes. If $ : A!^ — >A^ 
is a CA, then 4) factors to a ds-continuous map $ : A^ — >A^ 123 . We’ll 

usually abuse notation by writing $ as and A^ as “A^”. The topological 
dynamics of CA in the Besicovitch metric were investigated in [20i I24| . 


Torus Rotation Systems: Let := R/Z, which we normally identify with 
[0,1). Fix K > 1 and let T := x • • • x be the AT-torus. For any 

s G T, let p® : T 9 t (t + s) G T be the corresponding rotation map. 

Suppose r : L — >T is a group monomorphism; for any £ G L, let denote 

the corresponding rotation of T. This defines a measure-preserving, topological 
L-system (T, d, A, (where d is the usual metric and A is the Lebesgue measure on 
T). We call this a torus rotation system. 

Proposition 1.1. Suppose t: L —> T is a monomorphism with dense image. 
Then: 

(a) (T, d, is minimal (ie. every t G T has dense <r-orbit) and uniquely ergodic 
(ie. A is the only ^-invariant probability measure). 

(b) Let U C T 6e open, with A[9U] = 0. Then every t G T is (A, g)-generic for U. 

Proof. (a) Minimal: Suppose Z := t(L) is dense in T. Then for any t G T, the 
c-orbit {c^(t)}£gL = t -G Z is also dense. Uniquely Ergodic: If p is a (^-invariant 
probability measure on T, then p^(p) = p for every z G Z. But Z is dense in T, 
so (by a weak*-convergence argument), we get p’’(p) = p for all t G T. But the 
Haar measure A is the only probability measure on T that is p^-invariant for all 
t G T [221 Thm 10.14, p.317]; hence p = X. 

(b) For any s G T and W C T, let I(s, W) := G L ; <y^(s) G W}, and let 
D{s,'W) := density (I(s, W)). We want to show that i4(t,U) = A[U]. 

Claim 1. A[U] < L>(t, U). 

Proof For any d > 0, let := {u G U ; d(u, U^^) > d}. Then U 5 >o Ua = U 
(because if u G U, but u ^ for any d > 0, then there is no d-ball around u 
contained in U, contradicting that U is open). Thus, lim A)!!^] = A[U]. 
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Given e > 0, find 5 > 0 such that A[U 5 ] > A[U] — e. Let G := {t G T; 
t is generic for both U and }. The Generalized Ergodic Theorem says 
that A[G] = 1; hence G is dense in T. Find g G G with g'^t. Thus, for 

any £ G L, G G (because is an isometry). Thus, 

I(g,U 5 ) C I(t,U). Hence iA(t,U) > iA(g,U 5 ) = X[Vs] > A[U] - e. Since e is 
arbitrary, we conclude that iA(t,U) > A[U]. O claim i 

Now, let V = int(U^). Then V is also open, and 

A[U] < fA(t,U) < l-iA(t,V) < 1-A[V] = A[U]. 

(t) (•) (t) 

Thus iA(t,U) = A[U], as desired, (f) is by Claim 1. (*) is because I(t,V) is 
disjoint from I(t, U). (|) is because Claim 1 (applied to V) yields D(t, V) > A[V]. 
(o) is because (VuU)f= = au, so A[V] + A[U] = A[VUU] = 1-A[9U] = 1-0 = 1. 
□ 


Note; We assume throughout this paper that the hypothesis of Proposition^^ 
is satisfied. 

Example 1.2. Let U = 1, so L = Z. Let iG = 1, so T = T^. Identify T with [0, 1) 
in the obvious way. Let a G [0,1) be irrational; define r : Z — by t(z) = z • a 
(mod 1). Thus, <?^(t) = t + xa, Vx G Z, Vt G T. Thus, (T^, \,C) is an irrational 
rotation of a circle. <(> 

Measurable partitions: An (A-labelled) measurable partition of T is a finite 
collection of disjoint measurable sets V = {PajasA so that, if P* -u Pa, then 

a^A 

A(P*) = 1. 

We’ll often treat the partition P as a measurable function V : P* — >A, where 
V~^{a} := Pa. Let A^ be the set of all measurable A-labelled partitions of T, 
which we topologize with the symmetric difference metric, defined: 

dA(P,Q) = ^A(PaAQ,), for any P, Q G A^. (1) 

aCA 

(A'^,c?a) is a complete and bounded metric space, but not compact (Proposition 

EH). 

An A-labelled open partition of T is a finite family of disjoint open sets P = 
{Pa}aGA> such that P* is a dense open subset of T, and A(P,) = 1. If “A"^ is the 
set of A-labelled open partitions of T, then °A'^ C A"^, and “A"^ is dA-dense in 
A^ fCorollary 14.211 . 

2. Quasisturmian systems 

Quasisturmian systems are cr-invariant subsets or measures in A^ which generalize 
the classical Sturmian shift of nasi] (see also H13 El EH [13 SS]) 
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Quasisturmian SHIFTS: Let V = {PajaeA be an open partition of T. Let 
P* = |_J Pa, and let T = T{V) := <r^(P*); then T is a (^-invariant, dense Gs 

aGA 

subset of T, and A(T) = 1. (We will write T(P) as T when the partition V is clear 
from context.) 

Example 2.1. Let ill = 1 so T = [0,1) as in Example 11.21 Let A = {0,1}, 
and let Pq = (0, a) and Pi = (a, 1). Then P, = (0,1) \ {a}, and T = 
[0,1) \ (z • a mod 1 ; z G Z}. <0> 

Recall that V : T —>A is defined by V~^{a} = Pa. For any t G T, let 
P^(t) G be the P-trajectory of t. That is, for all £ G L, = V (<j^(t)). 

This defines a function : T— *AA. 

Proposition 2.2. Letv G °AA- be a nontrivial open partition o/T. Then: 

(a) o <;^ = o for all £ G L. 

(b) : T — >A^ is continuous with respect to both the dc and ds metrics on A^. 


Proof, (a) is by definition of Pc^. 


(b) dc-continuous: Let M C L be any finite subset; we want a neighbourhood U 
around t such that, if t' G U, thenpm = p'm for aU m G M. Let Q — VmGM‘''^(^)- 
The atoms of Q are finite intersections of open sets, hence open. Let U be the 
Q-atom containing t. If t' G U then for all m G M, = P(^'^(t')), i.e. 

Pm = p'mj as desired. 

dB-continuous: [See also Proposition l5. lir a'll Fix e > 0. We want <5 > 0 such that, 
if then ^^(p, p') < e. For any <5 > 0 let Pa := |p G P* ; d ^p, (P*)^^ > d|. 

Find 6 small enough that A[Pa] > 1 — e (see second paragraph in Claim 1 of 
Proposition II.111 . If t~t', then 


dB(p, p') = density (£ G L ; ^ p{) 


(•) 


(P^ 


< e. 


< density (£ G L ; c^(t) ^ Pa) 

(t) 


(*) is by Proposition ll.ir bL (f) is because, for any £ G L, yp^ ^ p'^j => 
^<j^(t) ^ Pa^ To see this, suppose pi = a ie. <^^(t) G Pa. If ‘^^(t) G Pa, then 

d(c^(t),^^(t')) < d < d(<;^(t),(P*)‘^) < d(<?^(t),(Pa)‘^). Hence ^^(t') G Pa 
also; hence = a = pg. By contradiction, if pg p}, then <r^(t) ^ Pa. □ 


The (^-quasisturmian (or QS^) shift induced by P is the dc-dosed, cr-invariant 
subset: 

S, (P) := dc-closure(p,(T)) C A^. 


Example 2.3. If iL = 1 and P = {(0, a), (a, 1)} as in Example l2.1l then (P) C A?' 
is the classical Sturmian shift of mss]. 0 
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Quasisturmian Sequences: We define the set of (^-quasisturmian sequences: 

Q6, := jiPJt) ; iP e t G T(iP)}. 

Then 06^ is a dc-dense subset of ('Corollary 17.411 . 

Proposition 2.4. Let = jp G 04"^ ; 0 G T(P)|. For all V G , let 

fs{V)=VM- 

(a) °Af^ is a eomeager, (^-invariant subset of °A'^, and (°'^o') = 0S^- 

(b) e, : is a distance-halving isometry. That is, if'P,QG °Af^, then 

dA{v,Q) = 2-dB[fA'P),fAQ))- 

More generally, if V,Q G °A'^ and t G T{V) n T(Q), then dA(fP,Q) = 
2-dR(p,(t),Q,(t)). 

(c) //p, q G 0S,j, then q)=0^ 4=^ (p = q) • Hence, ds is a true 

metric when restricted to 0©^. 

(d) For any ^ G L, Q o = cr^ o Thus, 0©^ is a a -invariant subset of A^. 

(e) Q is a TDS isomorphism from (T4J’, c^a,‘^) to {£l6,;,dB,cr). 


Proof. (a) It is clear that °A^ is a eomeager and ^-invariant set. Let q G 0©^; 
hence there is some Q G °A^ and t G T such that q = Q^('t)- Define partition 
V G °AA- such that := {q — t ; q G Qa} for all a € A. Then V G °Af^, and 
P.(0) = Q.(t) = q. 

(b) Let p = ifP) and q = C<; (2)- If « G yl, the Generalized Ergodic Theorem 
says: 


A (Pa \ Qa) = lim 

N^oo 


#{b G M{N) ; Pb = a ^ 


Thus, V A(Pa\Qa) = V lim 

N—k> 


{2N)D 

#{bGB(iV) ; Pb = a ^ (7b} 


aCA 


= lim 

N^oc 


a£A 

#{b G l(fV) ; pb ^ (7b} 


(2fV) 


D 


{2N)^ 


Likewise, ^A(Qa\Pa) = dB{^AV)AAQ))- 

aCA 

Hence, dA{V,Q) = ^ A (Pa \ Qa) + 5] A (Qa \ Pa) = 2-^3 (?. (^), (2)) • 

aGA a£A 

(c) follows from (b). (d) follows from the definitions, and (e) follows from (d). □ 


Quasisturmian Measures: Let A be the Lebesgue measure on T. Let V G A^ 
be a measurable partition of T. Define T as before, then T is a (^-invariant, 
measurable subset of T, and A(T) = 1. Define Per : T— >A^ as before; then 
is a measurable function defined A-ae on T. Define : Af^ — >M.{Af") by 
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{'P) ■= ^?('^)) for all V G . Then T^{V) is a tr-invariant measure on X", 
called the (,-quasisturmian (or QS^) measure induced by V. If Afo® is the set of 
<;-quasisturmian measures, then AJO® is weak*-dense in the space of cr-ergodic 
probability measures on lCorollarv l7.5ll . 

Quasisturmian measures, sequences, and shifts are related as follows: If V is an 
open partition, then supp(T^(7^)) = (7^). Also, if t G T, then (V) is the 

(T-orbit closure of 7^^(t), and 7^<j(t) is cr-generic for T^(7^). 

Proposition 2.5. is continuous relative to und the 

weak* topology. 


Proof. Suppose C A^ is a sequence of partitions, and dA—lim = 

n—>oo 

V. Let (fpA)'^ for all n, and let p, = (P); we claim that 

wk-lim = PL. 

n—*oo 

Suppose M C L is finite, and let w G we must show that lim = 

n—^oo 

pIw]. Let w := [uim]meM- If P = {Pa}ae^ and then 


m[w] = A [V^ ^{w}] 


A 


n 

_mGM 


Likewise, [w] = A 


_mGM 


Let M := #(M). If fiA(P,P^”^) < e, then 


n 


,mEM 


2M-€ 


n 


this can be seen by setting J := 1 and K := M in Lemma T2.tif cl below. 


□ 


The proof of Proposition 12.51 1 and later. Theorem Id. 411 uses the following lemma: 

Lemma 2.6. Let {Pi}f=i and {OJLi be measurable sets, with P^ C and 
\{Oi \ Pi) < e, for all i G [1../]. 

(a) IfP = ljf=i Pj o,nd O = lJi=i then P C O, and A(0 \ P) < I ■ e. 

(b) //P = ni=i Pj and O = n[=i t/ien P C O, and X{0\P) < I ■ e. 

(c) Let {Pi}j=ik=i {Qi}/=i f=i be measurable sets, with A(Q^AP^ ) < e, for 
all j G [1..T] and k G [l..Ar]. 

.IK J K 

// p = u n P^ and Q = uriQi^ then A(QAP) < 2JK • e. 

II I 

Proof (a): 0\P = U(OAP) ^ (J(OAP,), so A[0\P] < ^A[OAPi]</e. 

i—1 i—1 i—1 

(b): Let O' := P= and P' := O'' for i G [1../]; then P' C O' and A(0' \ P') < e. 

Now let P' := P' and o' := ULi ^'i Then o' \ P' = P \ O, and (a) 

implies A(0^ \ P^) < le. 
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(c) For all j and k, let := U Qj.. Thus, Pj. C and A(0-i \ P^) < e. 
Likewise Qic Oi and A(Ol \ Ql ) < e. Now, for each j € [1.. J], let 

K K K 

O-' := f|Oi; := f| P^; and := f]^. 

k=l k=l k=l 

Thus, setting I = K in part (b) implies P-’ C and X{0^ \ P'^ ) < K ■ e. 
Likewise, C O-’ and A(0'’ \ Q'^) < K ■ e. 

.J J K J ,7 

Now let O := (J O-’ = (J P| O-^, and observe that P = (^ P^ and Q = [J Q^- 

7 = 1 7 = 1 k=l 7 = 1 7 = 1 

Thus, setting / = J in part (a) implies that that P C O and A(0 \ P) < JK ■ e. 
Likewise, Q C O and A(0 \ Q) < JK ■ e. Thus, by the triangle inequality, 
A(PAQ) = 2JK€. □ 


3. CA on QS systems: induced dynamics on 
We begin by generalizing a result of Hof and Knill [J . 

Theorem 3.1. Let $ : A^ — >A^ be a cellular automaton. 

(a) C £2&^. That is: if p & Af" is a QS^ sequence, then $(p) is also a 
QS^ sequence. 

(b) //*p C A^ is a QS^ shift, then $(^P) is also a QS^ shift. 

(c) C That is: if yt is a QS^ measure, then $(/7) is also 

a QS^ measure. □ 

To prove Theorem rm suppose $ has local map (f : A^—*A (where B C L is 
finite). Suppose V € AA- is a measurable partition of T. For each a € A, define 

= u n ^ T. (2) 

cgM” be* 

(p{c)—a 

Now define measurable partition Q := {QalaSTt- We write: ‘Q = d)<;(P)’. Thus, 
$ induces a map $<; : AA — >AA. It is easy to verify: 

Lemma 3.2. Let V € AA and let Q = Then T(P) = T(Q). Also: 

(a) IfV is open then Q is also open. IftGT, then $ (P<;(t)) = Q^(t). 

(b) $(s,(p)) = s,($ap)). 

(c) $(T,(P)) = T,($,(P)). □ 

Theorem 13.II follows: set p = Pcr(t), (P), oi p, = T,^ ifP) in Lemma rOl 

Example 3.3. Linear Cellular Automata (see sni) 

(a) Let L = Z. Let A = 1^/2 and let have local map (j){ao,ai) = ao+ai (mod 2). 
Then Qi = Pi A c(Pi) and Qo = Q? = [Po n <;(Po)] U [Pi n <;(Pi)]. 
(See Figure P). 
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T^[0,1) 


Pi := (0,i) Po := (il) 

1- 


Pi 

> . 


. 

a 

1- . 

A{Pi) = (a, l + a) A 




-^ 


Qi = PiA<ji(Pi) = (0,a)U (i,i + a) 



Figure 1. Let $ be the linear CA from Example |3.3(a)| and let T = T^. Top: The action of 
on 7^ = {F*0i r*!}; where Pi := (O, and Pq := 1). Bottom: Let V be the partition of from 

Example IQ with a ^ 0.3525.... Let p G (P) be an element of the corresponding Sturmian 
shift ('Exa.mDle l2.3l . Left: Fifty iterations of on P. Right: Fifty iterations of $ on p. 


(b) More generally, let L = and let B C L be finite. Let A = Z/ 2 , and 

suppose <i> has local map (j) : —>A defined: (^(a) := ^ at, (mod 2), 

beB 

for any a G M®. Then = {Qo,Qi}, where Qi = A <j'’(Pi), and 

bGB 

Qo = T \ Qi. 

(c) Let n G N and let A = Ijin- Let G Z/„ be constants for all b G B. 

Suppose <i> has local map cj) '■ A ®—>A defined (()(a) := ^ v^bOb (modp), 

beB 

for any a G A^ . Treat any V G A"^ as a function V : T— >A. Then 

= ^^b-A(P). ❖ 

beB 

If (X, d) is a metric space, recall that a function (p : X—>X is Lipschitz 
with constant K > 0 if (/? is continuous, and furthermore, for any x,y G X, 
d[ip{x),ip{y)^ < K-d{x,y). 

Theorem 3.4. is a topological dynamical system, and : AA-~^AA- 

is d^:^-Lipschitz. 

Proof. Suppose $ has local map (j) : — >A. Let B = |B| and A = |yl|; 

hence |.4®| = . We claim that has Lipschitz constant 2B ■ A^ . Suppose 

P,P' G A'^, and dA{V,P') < e. If ^,{P) = Q and = Q', then for all 
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= U n Q; = U f| 

b€lB b€lB 

<p(c) = a <p(c) = a 

Set J := and K := B in Lemma ITHT rd to conclude dr\{Q, Q') < 2BA^ ■ e. □ 

Proposition 3.5. Let and — >13©^ he as in Proposition Then 

^^ 0 $^ = $ 0 ^^. Thus, £16,; is a ^-invariant subset of , and is an isomorphism 
from the topological dynamical system ( L4 J’, cIa , ‘1*^ ) to the system {£!&,;, ds,^). 

Proof. Combine Lemma |^2Ia) with Proposition 12. df a.bi. □ 

A topological dynamical system (X, d, (p) is equicontinuous if, for every 
e > 0, there is i5 > 0 such that, for any x,y G X, (^d{x, y) < (5^ => 

{d ((p"(x), (p^'iy)) < € for all n G . 

Proposition 3.6. If [Af" ,dc,^) is equicontinuous, then (C4(f, c^a, ) is 
equicontinuous. 

Proof. If {A^, dc, ‘h) is equicontinuous, then Proposition 7 of I20| says {Af", ds, ‘1’) 
is equicontinuous. Thus, the subsystem (0©^, ds, ‘h) is also equicontinuous. Now 
apply Proposition 13.51 □ 


4. The space of measurable partitions] 

The next result is used to prove Theorem ED 

Proposition 4.1. is complete and bounded in the cIa metric. 


Proof. We’ll embed Af^ as a closed subset of L^(T,C), so that the d^ metric is 
equivalent to the (complete) lA metric. 

Claim 1. IfV = {PajaeM and Q = {QajaGA, then d^{V, Q) = 2 ^ ApaCQ^]. 

a,h£A 

a^b 

Proof. For any a G A, A[Pa \ Qo] = ^ A[Pa C Qb]. Thus, 

b^a 

^a[p,\q,] = ^ ^ A[P,nQb] = ^ Ap.nQb]. 

a^A a^A hAo, a^b^A 

Thus, dA(P,Q) = ^ A[P„ \ Qa] + ^ A[Qa \ Pa] = 2 ^ A[PanQb]. 

aGA aGA a^bGA 

O Claim 1 

t This section contains technical results which are used in 0and 0 
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Suppose |yl| = A, and identify A with the Ath roots of unity in some arbitrary 
way: 


A ^ 




0<k<A 


}■ 


Any V G A'^ defines a function in L^(T;C) (also denoted by V), such that 
V~^{a} = Pa for any a G A. We can then measure the distance between 


Let 


partitions in the metric: HP — QII 2 = (^j |P(i) — 2(^)1^ 

m = min la — and M = max |a — 6|^. 
a^b(^A a^beA 

Claim2. ForanyV,QGA'^, f-di,{r,Q)<\\r-Q\\^'^<f-dAiV,Q). 
Proof. ||P-Q|i/= [ \Vit) - Qitf dX[t] = [ \a-b\^d\ 


a^b^A 


= ^ |a-6p-A[PanQf,]. Thus, ^ m-A[PanQb] < ||P - Q|| 2 ^ < 

a^bGA a^bGA 

^ M.A[PanQ,]. Now apply Claim ^ O claim 2 

aAbGA 

Thus, the d/\ and metrics are equivalent, so A'^ is bounded and complete in 
d/\ if and only if A"^ is bounded and complete in lA . It remains to show: 

Claim 3. AA is a closed, bounded subset of L^(T,C). 

Proof. A'^ is bounded because it is a subset of the unit ball in L^. To see that 
AA is closed, suppose {Vn}^=i C AA was a sequence of A-labelled partitions, 
and that \A — lim P„ = V, where V G L^(T,C). We must show that P is 

n—^oo 

also an A-labelled partition —in other words, that the essential image of P is 
Ac C. 

Suppose not. Then there is some e > 0 and some subset U C C with d{lA, A) = e 
such that, if U = V~^(U) C T, then A[U] > 0. But then for any n G N, 

||Pn-P|l2" = f IVn-Vf dX > [ \Pn-Pf dX 

Jt Jjj 

f |ep dX = A[U]. 

J\j 


> 


This contradicts the hypothesis that lim ||Prt —PII 2 = 0. 


O Claim 3 □ 


Remark. Although (A'^,(iA) is complete and bounded, it is not compact. For 
example, let A = {0,1} and T = [0,1). Fix n G N, and for each j G [1.-2"], 
let I„ = Now define partition P^") = |Pq"\p^”^|, where Pq"^ = 

2 " 2"^-! 

I I Ij and P^"^ = 1^ Ij. It is easy to check that dA(P^"\P^'"^) = 1 

even j—2 odd j—1 

for any n m. Hence, {P*'"^})}Li is an infinite sequence of partitions with no 
convergent subsequence, which would be impossible if A'^ were compact. 
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4.1. Dyadic partitions and the density of °A'^ in Identify T = [0,1)^ for 

some if G N. For any n > 0, an n-dyadic number is a number d = ^ for some 
k G [0..2'^]. An n-dyadic interval is a closed interval I = [di,d 2 ], where di,d 2 are 
n-dyadic numbers; an n-dyadic cube in T is a set C = Ii x I 2 x ... x 1;^, where 
li,... Ak are n-dyadic intervals. An n-dyadic set is an open set D C T such that 
D = int ^U/=i fo'' some collection {Ci,..., Cj} of n-dyadic cubes. An {A- 
labelled) n-dyadic partition is an open partition V = {Da}aG^ where Da is n-dyadic 
for all a £ A. A dyadic number (cube, set, partition, etc.) is one which is n-dyadic 
for some n > 0. Let ^A'^ C °AA be the set of all A-labelled dyadic partitions. 

The next result is used to prove Lemma EH Lemma KTT\ and Proposition 18.21 

Proposition 4.2. iA'^ is di^^-dense in A'^. Thus, °A'^ is also d/;,,-dense in A'^. 
Furthermore A'^ is separable. □ 

To prove Proposition l4.2l we use: 

Lemma 4.3. (a) //D is an n-dyadic set, then D is also N-dyadic for any N > n. 

(b) The union or intersection of any two N-dyadic sets is N-dyadic. 

(c) //D C T is an N-dyadic set, then T \ D is also N-dyadic. 

(d) Let M C T be a measurable set. For any <5 > 0, there is some N > 0 and 
some N-dyadic set M C T with A(MAM) < S. 

(e) Let D C T be an n-dyadic set, and /et M C D be a measurable subset. For 
any (5 > 0, there is some N > n and some N-dyadic M C D with A(MAM) < 6. 

(f) //M is measurable and D is an N-dyadic set, then A(MnD) = A(MnD). 

Proof, (a), (b) and (c) are immediate from the definition. 

(d) : Recall |22l Thm. 2.40(c), p.68, for example] that M can be 6/2- 

approximated by a finite union of open cubes Ki,..., Kj for some J > 0. Next, 
for each j G [1..T], there is some Nj such that can be (<5/2 J)-approximated by 
an A(,-dyadic set Kj. Let N = maxjA^i,..., Nj}. Then (a) says that Ki,... Kj 
are all A^-dyadic sets. If D = Uj=i then D is also an A^-dyadic set (by (b)), 
and M ~ U/.r K j ~ D. 

(e) : First use part (d) to find some A^-dyadic set M C T with A(MAM) < e. 
Now let M = M n D. Then M is also an A-dyadic set (by (a) and (b)), and 
since M c D, we have A(MAM) < A(MAM) < d. 

(f) : dD is a finite union of (AT — 1 (-dimensional hyperfaces, so A(5D) = 0. □ 

Proof of Proposition \4.‘A Let V = {Pa}aeA be a measurable partition, and let 
e > 0. We want a dyadic partition V = {DajasA such that d/^{'P,'D) < e. For 
simplicity, let A := {1, 2,..., A} for some A G N. 

Fix (5 > 0. Lemma lOlf dl yields Ai > 0 and an Ai-dyadic set Di C T such that 
A(PiADi) < 5. Lemma^2Kc) says that T' = T \ Di is also Ai-dyadic. For all 
a G [3..A], let P(. = Pa n T', while P^ = (Pi n T') U (P 2 n T'). 

Claim 1. A(PaAP(j) < 5 for any a G [3..A], while A(P 2 AP 2 ) < 26. 
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Proof. C Pa and Pa \ Pa = PanDi,SOthat A(PaAP^) = A(Pa\Pa) = 
A(PanDi) = A(PanDi), where is bv Claim ld.df fl. But PaflDi C Di\Pi, 
so A(Pa n Di) < A(Di \ Pi) < A(DiAPi) = The proof for P 2 is similar. 

O Claim 1 

Lemma me) yields some A ^1 and an 7V2“dyadic D 2 ^ ^ such that 
A(P^AD2) < ( 5 . Hence, A(P2AD2) < A(P2APy + A(P^AD2) < 

2S + S = 36. 

Now, Lemma^Sfc) says T" = T' \ D 2 is an A^ 2 -dyadic set. For all a G [4..A1], let 
P" = Pa n T"; hence P" C PJj and A(Pa \ P^) < <5, as in Claim^ Also, let 
P" = (P^nT")U(P^nT"). Then A(P^AP^') < 25 as in Claim [T] 

Proceeding inductively, we obtain the triangle shown below: 



Hence, Pa Da for any a > 2. Now, Di,. .. ,T>a are disjoint dyadic sets, 

and 

.4 A 

dA(P,V) < A(PiADi)+^A(PaADa) < 5 + ^(a+l )5 = M- 6 , 

a—2 a—2 

where M := — 2. So, choose 6 < e/M. □ 


4.2. Simple Partitions and the Injectivity of V,; If P G , and s G T, then s 
is a (translational) symmetry of P if p®(P) = P (A-ae). If P G °A^ ^ then we also 
require that p^(P) = P (top.se). The (translational) symmetries of P form a closed 
subgroup of T; if this group is trivial, we say P is simple. 

Example 4-4- Identify = [0, 1). Let 0 < Pi < P 2 <■■■ < Pn < I be irrational 
numbers. Then P : = {[0,/3i), [Pi,P 2 ), ..., [/3 at, 1)} is a simple partition of T^. 

To see this, suppose s G is a symmetry. Then p®[0,/3i) = [/3„,/3„+i) for some 
n G [I...N). Hence, s = /3„. But we can assume WOLOG that s is a rational 
number (see Lemma|^3l Hence, either /3„ is rational (a contradiction) or s = 0. <0 

The next result is used to prove Theorem Iti.lf al and Lemma [14.41 
Lemma 4.5. //P G AA' is simple, then the map Vc; : T —*AA is injective (A-se). 
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Proof. We must show that, for Va ti,t 2 S T, if t 2 ti then V^{t 2 ) ^ 

Let s = t 2 — ti, and let U = {t G T ; V{t) V{t + s)}. Since V has trivial 
symmetry group, it follows that A[U] > 0. Let U = [J C^(U); then A[U] > 0 and 

leh 

U is c-invariant. Since is ergodic, it follows that A[U] = 1. Thus, generically, 
ti G U, which means that ti G c“^(U) for some £ G L. This means that 
c^(ti) G U. Thus, 

+ iP(c^(ti) + s) = 7^(^^(ti + s)) = iP(<^^(t2)) = iP,(t2)G 

Hence 7^,;(ti) ^ T’^(t 2 ). □ 

In Proposition we’ll need to replace a nonsimple partition with a simple 
‘quotient’ partition. 

Lemma 4.6. IfVG ‘14'^ is not simple, let S G T be the translational symmetry 
group ofV. 

(a) T = T/S is also a torus (possibly of lower dimension), and the quotient 
homomorphism q : T—>T is eontinuous. 

(b) There is a unique A-valued, open partition V G °AA- such that Voq = V. 

(c) There is a natural h-action on T —denoted g —such that for all £ G L, 

-e i 

g o q = qo G. 

Define T and : T —in the obvious way. Then: 

(d) //1 G T, and t = q{t), then t G T, and 7^f(t) = 

(e) Hence, = V,iT), E, (V) = E,{V), andT,(V) = T,{V). 

(f) Vi; : T —is injective (A-ae). 

Proof, (a) is because S is a closed subgroup of T. (b) is because S is a group of 
symmetries of V (resp. Q). To see (c), suppose r : L— >T is the homomorphism 
such that <j^(t) = t + t{£) for all t G T and £ G L. Define r = qo t : L— >T, 
and then define ^^(t) = t + t(£) for all t G T and £ G L. (d) follows from the 
defining properties of V in (b) and G in (c), and (e) follows immediately from 

(d). To see (f), observe that the symmetry group of V is g(S) = {0}. Now 
apply Lemma lOl □ 

If V is an open partition, we can strengthen Lemma l4.5l to get a homeomorphism; 
this is used to prove Proposition and Theorem lb.lf bl. 

Proposition 4.7. Let V G 14'^ be a simple open partition. Let ip = 7^^ (T) C A^. 
Then: 

(a) V; : T—!-*P is a uniform homeomorphism with respect to the dc metric on ip. 

(b) V; : T—s-ip is a uniform homeomorphism with respect to the ds metrie on ip. 

(c) Thus, the Cantor topology and the Besicovitch topology agree on fp. 
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(d) Let = 2^ {'P)t then there is a continuous surjection ^ —>T such that: 

[i] ForalliGh, ^ o cr^ = 

[ii] If t G T, then %oV^{t) = t. If p G then V,; o %{p) = p. 

Proof. (a) is continuous by Proposition 12.2r bi. To show is injective and 
uniformly open, fix e > 0. We claim there is some M G N such that 

Foranyt,uGT, ^ (d(t, u) < e) . (3) 

Suppose not; then for any n G N, there are t„,u„ G T such that ('^n) = 

7^cr(u„)|i^(^), but (i(t„,u„) > e. Let s„ = t„ — u„. By dropping to a subsequence 
if necessary, we can assume that the sequence converges to some s G T, 

with d{s,0) > e (because T is compact). We’ll show that s is a symmetry of V 
(thereby contradicting simplicity). 

Claim 1. For any small enough 6 > 0, there is a 6-dense subset C T, such 
that T’(p^(u)) = 7^(u) for all u G U^. 

Proof. For any t G T and all f G L let := <t^(t). The torus rotation system 
(T,(i, ^^) is minimal and isometric, so if n is large enough, then, for any t G T, 
the set is (5-dense in T. 

Recall (ffl that P* := UoeA open and dense in T; thus &P := UogA ^Po 
is nowhere dense. Thus, p~^{dP) is nowhere dense (since p® is an isometry). 
So, if S is small enough, the set := {uj) ; b G ]B(n) and d(p®(u^), 9P) > 
is (5-dense in T. 

If n is large enough, then s„ ~ s. Thus, t„ = u„ + s„ ~ u„ + s = 
p®(u„); thus, for all b G B(u), tj) ~ p®(u^). Thus, for any u^ G U^, 
V{p^{nl))=V{ti)=V{nl). 

(*) is because ~ p"(u^) ^ dP- (f) is because = P<r(u„)|jj(^j • 

O Claim 1 

Now, let be a sequence tending to zero, and for each n G N, let 

be as in Claim 1. Let U := U is a dense subset of T so 

that P(p®(u)) = 'P(u) for all u G U. In other words, for each a G A, 

_ 0 

p®(Pa) n U = Pa n U, which means that p^(Pa) C U C Pa = 0, where 

_ 0 _ _ 0 

Pa := T \ Pa. But p^(Pa) C Pa is an open subset of T, so if it is disjoint from 

_ 0 _ 

the dense set U, it must be empty. But if p®(Pa) C Pa = 0, then p®(Pa) ^ Pa- 
By symmetric reasoning, p®(Pa) 3 Pa; hence p^(Pa) = Pa (top.ae). This holds 
for all a G so we conclude that p^{V) = P (top.se). Thus, s is a symmetry of 
P, contradicting the simplicity of P. 

(b) We claim that, for any e > 0, there is some i5 > 0 such that, for any 
t,uG T, 

^ M C L with density (M) > I - (5^ => (^d(t,u) < . 
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The proof the same as (a): replace B(n) with M, prove the appropriate version 
of Claim 1, deduce a symmetry, and derive a contradiction. 

(c) Follows from (a) and (b). 

(d) Recall that ip is the dc-dosure of ip = 7^,;(T). Thus, if p G fp, then there 

exists a sequence C T such that p = dc- lim We can drop to a 

n—^oo 

subsequence such that converges to some t G T (because T is compact). 

We define ^(p) := t. 

1(P) is well-defined: Suppose C T was another sequence with p = 

dc- lim we claim lim = lim t„. Let e > 0, and let M > 0 be 

n—*oo n —>-oo n —>oo 

as in assertion ®. Find N large enough that, if n > fV, then 
P|b(m) = assertion 0 says that t'„ ~ t 

arbitrary, we conclude that lim = lim t„. 


B(M) 

Since e is 


Continuous: Fix e > 0. Let M be as in assertion 0; and suppose p 


B(M) 


|B(M) 


• If C T is such that p = dc- lim 7^,;(t„) and C T is 

n—»oo 

such that p' = dc- lim then assertion © says that, for large n, we must 

n—>-oo 

havet„~t(,^. Hence ^(p) = dc-1™ t„ ~ dp-lim = t(pO- 

^ n—^oo ^ n —^oo 

Surjection: Let t G T; find a sequence C T such that t = lim t„. Let 

n^oo 

p = dc- lim then by definition, t = ^(p). 


[i]: If p = dc- lim 7^<;(t„), then 

n—*-oo 

cr^(p) = dc- lim a^V^itn)) 


(<■) 


dc-lim 'Pjc'^(t„)), 


where (*) is Proposition 12. ‘if ab Hence ^(cr^(p)) = lim <j^(t„) = lim t„) = 

n—>'00 n—>00 

<^^(^(p))- 

[ii]: Let t G T and p = (t). Let t„ = t, Vn G N; then ^(p) = lim t„ = t. □ 

n—*(X) 

Thus, in a sense, the topological L-system (fp, dc, cr) is ‘almost’ isomorphic to the 
system (T, d, <?). The only caveat is that the function ^ is many-to-one on the 
elements of T \ T. 


5. Boundary growth & Chopping 

Suppose T = , and V is an open partition of T such that each element of 7^ is a 

finite collection of open intervals; then dV := UaG.A dVa is a finite set of points 
in T. Let $ be a cellular automaton. Hof and Knill pQ observed empirically that 
grows polynomially like as n^oo, for some exponent a < D 

(where L = Z^). They asked: is really growing? Is the growth 

polynomial? What’s the exact value of a? 
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If # ^9 j gets large as n^oo, then each cell of is ‘chopped’ into 

many tiny separate intervals; we say <i>^ is chopping (we’ll make this precise later). 
In this section, we investigate chopping, answer Hof and Knill’s questions, and 
generalize these ideas to T^. 


Partition boundary size in T^: Suppose T = for if > 1, and let V G ‘14’^. 
To characterize the growth of d (<I>"(P)), we first need a way to measure its size. 
Let £ = {C C T ; C closed}, and let [•] : £—*-[0,oo] be some ‘pseudomeasure’, 
satisfying: 

(Ml) Monotonicity: If Ci C C 2 , then |"Ci] < |"C 2 ]. 

(M2) Additivity: \Ci U C 2 I = [Cil + rC 2 l. 

(M3) Translation Invariance: For any t G T, l’p^(C)] = [C]. 

(M4) Nontriviality: 0 < \dV~\ < 00 , and 0 < [9 (‘h"(’P))] < 00 for all n G N. 

If T = T^, then dV is usually a discrete subset of T, and the obvious function 
satisfying (M1)-(M4) is [C] = #(C) (modulo multiplication by some constant). 
However, if T = for if > 2, then condition (M4) makes the choice of [•] 
dependent on the geometry of V : 

• If dV is a union of piecewise smooth (if — I)-dimensional submanifolds of 
T^, then let be the (if—l)-dimensional Lebesgue measure. For example, 
if if = 1, 2, or 3, then measures cardinality, length, or surface area, 
respectively. 


• If (if — 1) < K < if, and dp has Hausdorff dimension k, then let be the 
K-dimensional Hausdorff measure. If k = (if — 1), then = |"C]^. 


• For any C C T and e > 0, let B(C, e) = {t G T ; d{t,, c) < e for some c G C}. 
Define [C]^ = liin ^A^B(C,e)y If C is a (if — I)-dimensional 

submanifold, then We call the /./psch/tz pseudomeasure 

because of ProDOsition l5. Ill below. 


1 X \ 

We say chops V on average if lim — 

n—1 

there is a subset J C N of Cesaro density 1 such that lim 

*-oo 

We say chops V intermittently if lim sup [9 (4’"['P])] 

n—^-OO 


= 00 . Equivalently, 

[9(<I>(‘[P])] = 00 . 
= 00 . Equivalently, 


there is a (possibly zero-density) subset J C N such that lim 

>00 


[9($"[P])] = 


00 . Clearly, if chops V on average, then it does so intermittently (but not 
conversely). 

Note that these definitions depend upon the pseudomeasure [•]. For a fixed 
choice of [•], we say <I>,j is [•] -chopping on average (resp. intermittently) if, for any 
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V e °A^ with 0 < \dV^ < oo, <i>^ chops V on average (resp. intermittently) 
with respect to [•]. 

Whenever chops 7^, the growth rate of [9 must be (sub)polynomial: 


Proposition 5.1. Let L = Z^. Let be a CA. There is a constant 


C > 0 such that, ifVG °A'^ and n G N, then d 


< 


C-n^ 


[dV]. 


Proof. Suppose <i> has local map (j) : A^ — >A for some finite B C L. It follows 
from eqn.|(2Il that 9($<j(P)) C [J <,^{dV). Hence, if H = #(B), then 

bGB 


a($,[P]) 


< 

(Ml) 


\J,\dr) 


beB 


(4) 


(M2) 


beB 


beB 


Let B„ = {bi + • • • + b„ ; bi,..., b„ G B}. Then $" has a local map (/)("■): A"^ 
A; hence, by reasoning similar to 0 , we have: 


( 5 ) 


where Bn = ff(En). Find R > 0 such that B C [—R...R]^. Then 
B„ C [—nR... nR]^, so 

Bn < = C-n^, ( 6 ) 

where C = (2i?+l)^. Combine 0 and 0 to get: d ($"[7^]) < Cn^■ \d'P^. □ 


Chopping in Boolean Linear Cellular Automata: Let ^ = Z /2 = {0,1}. 
A CA with local map (f : A®— ^A is a boolean linear cellular automaton (BLCA) if 


(fia.) — ^ Ob (mod 2), for any a G A®. 


( 7 ) 


beB 


We assume that $ is ‘nontrivial’ in the sense that #(B) > 1. Thus, Examples 3.3(a) 


and 3.3(b) were BLCA. We’ll show that BLCA are chopping on average. Then we’ll 

\dimr]) 


characterize the asymptotic growth rate of 


in a special case. 


Proposition 5.2. Letv = {Po,Pi} be an A-indexed open partition o/T. Then 
(a) a(P) = a(Pi) and ih)A^,\dr) c 9 ($,(7^)) C \JAidV). 


bGB 


Proof. (a) is immediate. For (b), recall from Example 3.3(b) that ^^(7^) = 
{Qo, Qi}, where Qi = A c‘’(Pi), and Qo = T \ Qi. Now apply (a). □ 


bGB 


Example 5.3. Let L = Z, T = T^, and a € (0, 1), as in ExamDle ll.2l Assume a < ^. 
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(a) If Pi = (0, a) and Pq = (a, 1), then dV = {0, a}. If <I> is as in Example 
3.3(a)| and Q = <i)^(P), then Qi = (0,2a) and Qo = (2a, 1). Thus, 
dQ = {0,2a} = jo, a} A (a, 2a} = (9P A ■j^((9P). (See Figure 

n bottom left). 


(b) Let b < a, and let Pi = (0, b) and Pg = (b, 1). Then Qi = (0, b) U (a,b + a) 
and Qo = (b, a)LJ (b + a, 1). Thus, dQ = (0, b, a, b+a} = (0, b} A (a, b+a} = 
dV A <,^{dV). 0 

If t G T, recall that the (^-orbit of t is the set Ot = {?^('t)}^gL- Let D be the 

set of all c-orbits in T; then T = Uo. so we can write dV as a disjoint union: 

oe£) 

dV = \_\ (8) 

060 

where doV := O n dV for all O G D. The decomposition in eqn. © commutes with 
the action of on dV. That is, d = |_J 9o ($^(P)), and Proposition 

I5.2r bl says: 


060 


For all O G D, 


ao(<i>.(P)) A A/(aoP). 


(9) 


For each O G D, fix a representative to G O, and define /3o : as follows: 


for any V G let /3o(P) := b, where {bi = 

eqn. © implies: 


(<?^(to)e9oP). Then 


/3o^A’<;(P)^ > (/3o(P)^ (componentwise). 


( 10 ) 


Example 5.4- Let $, V and Q — ^^{V) be as in Example 5.3(a) Then all elements 
of dV — (0, a} and dQ = (0, 2a} belong to the orbit Do of zero, and 

f3o{V) = [... 00011000 ...] 

while/3o(Q) = [...0 0 01010 0...] = $(/3o(P)). 

(where the zeroth element of each sequence is underlined) <) 


If b G A^, let supp (b) := {i Gh ; bi = 1}. Thus, 

doV = ; £ e supp iPoiV))}. (11) 

Hence, the growth of partition boundaries under the action of is directly related 

to the growth in the support of boolean configurations under the action of $. 

Proposition 5.5. Let be any BLCA. 

(a) For all n G N, let B„ C L fee such that <I>" has local map ^n(a) = Sb6B ®t> 
(mod 2), There is a subset S C N with density (J) = 1 such that lim #(®j) = oo. 

>oo 

(b) For all a G A^ with finite support, there is a subset J C N with density (J) = 1 
such that lim ^supp (a)^^ = oo. 
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Proof. See Theorem 15 of 


□ 


Corollary 5.6. //T = and $ is any nontrivial BLCA, then $<; is ^-chopping 
on average. 

Proof. Let V G L4'^, and suppose dV is finite. For each O G D, let bo := Po{V); 
then supp (bo) is finite, and is nontrivial for only finitely many O G D. Thus, for 
any j G N, 

^ #(ao(<i>^,[7^])) = ^ #[supp(/3o($^j7^]))' 


oeo 


oeD 


(t) 


# (supp($J [bo])) , 


( 12 ) 


OeD 


where (*) is by eqn.®; (f) is by eqn. m-, and (I) is by ean. lfTHll . 

For each O G D, Proposition 15.51 yields some JJo C N such that density (Jo) = 1 
and lim # (supp (bo))) = oo. Let J := I J Jo; then density (J) = 1, 

Jo^J^OO \ W 




and eon. llT^ implies that lim # [’^])) = oo; hence chops V on 

average. □ 

To generalize Cnrolla.rv 15.61 to {K > 1), w 6 need some notcition. If S T is 

some subset, then many points in S may share the same <^-orbit. Define 

O-L(S) := S\ U ^^(S) = {sG S ; 03 ns = {s}}. 

Let := j-p G ; XidV) > o|. For example, if T = and 

M = #(•)> then 

^ /There is some s G aP which is noA 

J ^ [a/ VI J ^ t G 5P J ' 

Lemma 5.7. //$ is the BLCA Q, then #(B) • X{d'P) < |’9($^(P))] < 

#(B) • \^P^. 

Proof. Let S = X{dV) and let U = dV\S. By definition of S, the sets {ir*’(S)}bgB 
are disjoint both from one another and from the set (J ‘r*’(U). Thus, Proposition 

_ beB 

I5.2r b'l says: 

□ o*>(s) C A/(5P) c a(<i>,(p)) C IJA(ap). (13) 

be® ■ ~ 

Thus, #(B).rSl 


(M3) 

< 

(Ml) 


E L‘(S)1 


(M2) 


be® 


U 


be® 


be® 

< 

(Ml) 


dX,{P)) 


U 


bSB 




(M2) 


be® 


The (Ml) inequalities follow from eqn. m and property (Ml) of [•]. 


□ 
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Proposition 5.8. Let T = T^. IfVG '^4'^, then any nontrivial BLCA chops V 
on average. 

Proof. Let $ be a BLCA. For all n S N, let B„ c L be such that has local 
map 0„(a) = X]b6B„ (mod 2). Thus, Lemma f5.71 says that [9 (<i)"('P))] > 
#(B„) • . Recall V S ■'^4'^, so |'c^(9'P)] > 0. Proposition I5.5r al 

yields a subset JJ C N of density one such that lim #(Bj) = oo. Thus, 

lim r9(4>^(P))l = oo. □ 


Let := {P e ; 
M = #(•). then 


<;^{dP) 


I" d'P~\ I. For example, if T = and 


(PeUd « hpaP}=dP) ^ /-Every element of ap 
V / \ / yoccupies a distinct <;- 

Lemma 5.9. is a d^-dense subset of °A'^. 


C-orbit 


Proof. Let ^A'^ be the set of dyadic open partitions of T (see SH). Proposition 
lO says that ^A"^ is a dA-dense subset of °AA. Thus, it suffices to show that 

c UT. 

To see this, suppose V e ^A'^ is an n-dyadic partition for some n G N. Identify 
T = [0,1]'^ as usual. Let E = he the set of n-dyadic numbers, and 

for each k G [1..K], let = [0,1]''"^ x E x [0,1]^”''. If C = Ijf^i Cfe, then 
dV c C. 


For any nonzero G L, |'‘r^(C) C C] =0, because <r^(C) and C intersect 
transversely. But dV C C, so \g^{dV)C^ {dV)\ = 0 also. Thus, = 

[92?]. Hence V G ^■^4'^. 

Since this holds for any 2? G ^A"^, we conclude that iA"^ c as desired. □ 


We’ll now precisely characterize the growth rate of 
BLCA. 


9($”[iP]) 


for a particular 


Proposition 5.10. Let $ : AA—^Ac be the BLCA of Example 3.3(a) Let c be a 
1-action onA — , and let P G fAA'. Then, as n—foo... 

(a) ...the maximum of \d (^A>^['P])~\ grows linearly. That is: 


0 < 


<r^(9P) < limsup- [9(4>"[P])] < [SP] . 


(b) ...the minimum of \d (4>"[P])] remains constant: 

liminf < 2[9iP]. 
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(c) ...the average of d grows like n°‘, where a := log 2 (|). That is: 


N-l 


IfA{N) := 


n—0 


then 


lim 

N—*oo 


log (a( 7V)) 
log(iV) 


(d) Finally, both (a) and (b) become equalities ifVG . 

Proof. For all n S N, let ]B„ C L be such that <!)"■ has local map (j)n{sf) = X]beB„ 
(mod 2). Let v{n) be the number of I’s in the binary expansion of n. 

Claim 1. ForanyneN, \g-^{dV)\ < 

with equality when V G . 

Proof. For any n G N, Lucas’ Theorem (see tllOII implies that ff (B„) = 

(For example, n = 75 has binary expansion 1001011, so ff (Bts) = 2“^^^^) = 2"^ = 
16.) Now apply Lemma 15.71 O claim i 

(a) To see that limsup — d {fh^\P\') < |"9P], observe that B„ C [0..n]. 

n —*^oo ^ 

Thus, # (B„) < #[0..n] = n + 1. Thus, 

limsup - rd($”[iP])l < limsup - #(B„) • raiPl < lim • [diPl 

n^oo n ' ' ^ (,) „^oo n n^co n 

= \dV} , 

where (*) is by Lemma o 

To see that limsup — [9 (<i>"[7^])] > <;^{dV) 

n —>oo 

m G N. Then i/(n) = m, so Claim □ says [^(^(‘[iP]) 


let n = 2™ — 1 for some 


c^(5iP) 


. Thus, 


lim sup 




> lim sup 




( 2 ™-!) 


{V) 


> 


m —>-oo 

±f 




lim 

2”^ — 1 “ m^oo 2™ — 1 

<,^{dP) . 

b) If n = 2™ for some m G N, then v(n) = 1, so Claim ^ 

a($"[iP])l < • [diP] = 2-[diP]. Thus, liminf [d($”[iP]) 


<,^{dP) 


^^{dV) 


says 

< 


lim inf 


= 2-[diP]. 


(d) follows from the second part of Claim ^ 

(c) For any n G N, let f{n) = and for any iV G N, let A{N) = 

N-l 

f{n). Thus, Claim ^ implies that A{N) ■ (,^{dP) < A{N) < 

n—0 

A{N) ■ \d'P^. Hence, 


1 

'n 


log 


c^(5iP) 


1 = lim 1+ 

A^oo log(H(lV)) 


< to < to 1+LiI^ = 1. 

N^c 


log{A{N)) 


log(H(iV)) 
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Thus, it suffices to examine the asymptotics of A{N). 

Suppose N = + 2^^ + • • • + 2^-' for some Mq > Mi > • • • > Mj. 

~ 1 

Claim 2. A{N) = — ^ 2^ • 3^^ 




Proof. Let n be a random element of [0..-/V) (with uniform distribution). Then 
/(n) is also a random variable, and A{N) = E (/(n)) is the expected value of 
/(n). Let Iq := [0..2'^°), Ii := [2^° .. .2^° +2^^), and in general. 


E2"^----E2 

.2 = 0 2=0 


Mi 


for all j S [0.. J]. 


Then [O..A^) = loUliU- • -Lllj, and for all j G [0..J], P(nGlj) = 2‘^^/N. 

Claim 2.1. Suppose uGIq. Then E ^/(n) n G Iq^ = 

Proof. Write n in binary notation. Then the Mq binary digits of n are 
independent, equidistributed boolean random variables, so i^(n) is a random 
variable with a binomial distribution: 


F(v{n)=m^ = ^ for any m G [O...M 0 ]. (14) 

Mo Mo 

Thus, E(/(n)) = ^ 2™ • P (^/(n) = 2™) = ^ 2™ • P (i/(n) = m) 


m—0 

_ 1 

FT 2 ^ 


Mq 

m=0 


Mq 

m 


— _ ('1 + 2 ')'^“ = 

m 2 ^ 0 '' ^ ' 


Mo 


V Claim 2.1 


where (*) is by eqn. dnj, and (B) is the Binomial Theorem. 

Claim 2.2. For any j G [0..J], E ^/(n.) n G = 2 -^ • 

Proof. If j = 0, this is Claim I2I1I Let j > 1. If n G Ij, then 
n = 2^° + • • • + 2 ^b-i -I- rii^ for some ni G [0...2'^-’). Thus, v{n) = j + v{ni), 
so that f{n) = 2^ ■ /(ni). Thus 


E 


i) 


n G I, 


= 2^ -E 


(/(m) I niG [0...2^d) 2^ -(|) 


3lM,- 


where (*) is like Claim I^ITI 


V Claim 2.2 


It follows that A[N) = E(/(n)) = Ee(/h 

3=0 


n G I 


f) • P (n G Ij) 


(•) 


where (*) is by Claim 1321 
Claim 3. A{N) > iiV“. 


j=o 


2Mj 


N 


2 ^ ■ 3^^', 


3=0 


O Claim 2 
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Proof. 

1 




3 M, 


> 


1 


j=o 


3 Mo 

~ 


> 

(♦) 


2 3 M 0 + I 

3 2 ^ 0+1 


2a-(Mo + l) ^ —7V“ 

3 (*) 3 

(C© is by SjUcI the (^) inGQUcilitics (ire bccciiisc N ^ ^ ^ claim 3 

Claim 4. A{N) < 3-iV“. 

Proof. Since Mq > Mi > • • • > Mj, we know that Mj < Mq — J for all j G [1.. J]. 
Thus, 


1 


2 ^ • 3 “^' 


^ JV 

j=o 

3 M 0 ^ 1 _ 

Iv 


< 


1 

N 


2 ^ ■ 3 ^° 


-0 — 


3=0 


3 M 0 

~ 


E 

3=0 


J+i' 


1-2 

3 


3M0+1 

TV 


i-il 


J+ 1 '' 


< 


3M0+1 

N 


3M0 3M0 

= (7, 


_ Q . oaMo ^ o . atol 

N (7, 2Mo - 3 2 3 iV 

(C© is by Cl&im ctnci the (^) iiiGC[ii3jliti6S &-rG bGCciusc 2“^*^ Y N. O claim 4 


Combining Claims 0 and 21 yields -N^ < 

3 


Hence, a log(A^) — log(3) < 
log(3) 


A(N) 

log (I(7V)) 


Hence, 


< 


log(lV) 

Taking the limit as N—>-oo, we conclude that lim 


log (A(iV)) 
log(lV) 
log (^A{N)^ 


N- 


log(iV) 


< 3-iV“; 

< a log(iV) + log(3) 

. ^ log(3) 

- “^log(7V) 

= a, as desired. □ 


Remarks, (i) Proposition I5.1()r bl shows that, in general, we can only expect 
chopping to occur along a subset of JJ C N of density one. 


(ii) We proved Proposition 15.1 HI for the very simple BLCA of Example 3.3(8 


Similar results are probably true for arbitrary BLCA, but the appropriate version 
of Claim^will be much more complex in general, leading to more complex formulae 
in parts (a), (b) and (c). 

The Lipschitz pseudomeasure: Recall that [S]^ = lini ^ A ^B(S, e)^ 

This is an increasing limit, because for any e > 0 and n G N, A ^B(S, e)^ 
n ■ A 


< 


(b(s,^)). 


Thus: 

Foralle>0, A(B(S,e)) < 2e-rS]^. 


(15) 


If 7^ G 74'^, then \dV^^ affects the continuity properties of V,; as follows: 
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Proposition 5.11. Let V G °A'^, and endow with the Besicovitch metrie. 
Then: 

(a) : T— >A!" is Lipschitz, with Lipschitz constant That is, for any 

s,teT, ds (v^{s),r,{t)^ < \dV]^ ■ d{s,t). 

(b) LetT = (so = #(•)), and let (V) = min 62 ) ; bi,b 2 S dV distinct^. 

For any s,tGT, (d(s,t) < (V)'^ (ds (v,;(s),V,;{t)^ = #(i9P) • d(s, t)^ 


Proof. (a) Identify T = [0,1)^. For simplicity assume s = 0, and let 
t = (ti,..., tx), where tk G [0,1) for all k G [1..K]. Assuming that ||ti,..., tk\\ < 
11(1 — ti),..., (1 — tk)\\, the shortest path from 0 to t is along the line segment 
I = {{rti,... ,rtk) ; rG [0,1]}. Thus, if d(0,t) = e, then length [I] = e. Let 
m = (^ti,..., be the midpoint of I, and let B (m, |) be the ball of radius e/2 
about m. Then, for any £ G L, 

(vdO)e ^ n(t)f) ^ (^(^'(0)) ^ P(^^(t)))^ (ap n C^(I) ^ 0 ) 
^ (aPnB(c^(m), f) ^ 0 ) ^ (c^(m) e B(5P,f)). (16) 

(*) is because I C B (m, |). If AT = 1, then I = B (m, |), and the is actually 

a “ <;=^ if also e < (P), then the “=^^” is also a “ ”. Thus, 


dB (r,{0),P,{t)') = density {i G h ; P,{0)e ^ P,{t)e) 


< density (£ e L ; c^(m) G B(9P,|)) = A B (9P, |) 


(*) 


(*) is by and is an equality if AT = 1 and e < {V). (f) is by Proposition 

ll.ir bl. Thus, 


dB (rdo),v,it)) < a[b(5p,§) 

V / (*) L 


< 

(HSl 


\dp) 


L ’ 


(17) 


where r disii is by eqn eg. If AT = 1 and e < {V ), then (*) is again an equality, 
(b) Suppose AT = 1 and dV is finite. If e < (V), then B [dP, |) = U 


Thus.ds (p.(0),Pat)) 
e-#idV). 


h^dV 


EA(B(.,i)) = 

bea-p bsop 


□ 


Note: The equality in Pronosition 1,5.1 fl bl fails if d{s,t) > (V). For example, 
let A = {0,1}, and let Pq = (O, i) U (^,|), while Pi = ( 3 ,^) U (|,l). 
Thus, ffi&P) = 4. However, {V) = and if c?(s,t) = ^ > (P), then 

dB(P^(s),P<;(t)) = ^ 4-d(s,t). 
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Sensitivity and [•] ^-Chopping Let (X, d, i^) be a topological dynamical 
system, and let ^ > 0. If x,y G IK, then {x,y) is a f -expansive pair if 
d{(p^{y),(p^{yi)) > ^ for some n G N. We say (K,d,(p) is f-expansive (see H12II 
if {x,y) is ^-expansive for every x,y G K with x y. If Y C X is a subset (not 
necessarily (^-invariant), then is f-sensitive if for all y gY, and all d > 0, there 
some yi G Y with d{y,yi) < S such that {y,yi) is a ^-expansive pair. Thus, if 
(X, d, if) is ^-expansive, then (j)^^ is ^-sensitive for any Y C X. 

Proposition 5.12. (a) IfVG , and^ ^Vc;{Y), then 


^(fp, dB,$) is sensitive^ => intermittently j^-chops V 


(b) Thus, (^{0.6^, ds,^) 


IS expansive 


^ is intermittently chopping^ . 


Proof, (b) follows from (a), so we’ll prove (a). 

Case 1: {V is simple) Let po = ’^<;(0)) and fix e > 0. Proposition ^T^b) says 
Per is a homeomorphism from (T, d) to (ip, ds)- Thus, there is some d > 0 such 
that, for any t G T, ^ds (P^(0),P,;(t)) < ^d(0, t) < 

Suppose (fp, ds, $) is ^-sensitive for some ^ > 0. Then there is some Pi G ip with 
i^b(Po, Pi) < d, but ds (^$"(po), $"(Pi)) > C for some n G N. 

Suppose Pi = P^(ti), where ti G T and d(0,ti) < e. Let pfo) = $”(P). Thus, 
we have 

e 

e 

where (*) is by Proposition 15.lir al. But e can be made arbitrarily small. Hence, 
can become arbitrarily large as n^oo. 

Case 2: (P is not simple) Use Lemma 14.61 to replace P with a ‘quotient’ 
partition P on a quotient torus T, with a quotient L-action G, such that P is 
simple. 

Claim 1. Let S be the symmetry group ofP, and let q: T ^ T be the quotient 
map, as in Lemma 14.61 Let 

:= {Q G °A'^ ; all elements of S are symmetries of Q}. 

(a) For any Q G U4s , there is a unique partition Q G such that Qoq = Q. 

(b) $,j('l4g) C 'Idg . In particular, if Q = ^^{V), then Q G Ms . 

(c) Let : °A'^ — >°A'^ be the induced map on partitions of T. Then 

(d) There is a constant C > 0 such that, for any Q G Mg, \dQ\^ = C-\d^^. 

(e) Hence, ( intermittently chops P J 4=^ ( intermittently chops V ). 


< 


d(0, ti 


< 


ds (pi"^(0),Pi"Hti)) 


d(0,ti) 


< 

(•) 
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Proof. (a) is like Lemma EUb). (b) follows by applying S-symmetries to 

eqn. lEJ, and (c) follows by combining eqn. with Lemma l4.bf b.cL 
(d) S is a closed subgroup of T, so S is a smooth embedding of a Lie group 
X So, where J < K and So is a finite abelian group (if S is finite, then J = 0 
and S = So). Let Vk-j{() be the volume of a ball of radius e in and 

A[B(S,e)], 


let C := 


lim 


then C measures the ‘size’ of S (if S is finite, then 


^if-j(e) 

J = 0, andC' = #(S).) 

Now, T is a smooth locally trivial fibre bundle over T, with fibre S |41l 
Thm 3.58, p.l20]. Thus, dQ is a sub-bundle over dQ, while B(9Q, e) is 
a smooth sub-bundle over B{dQ,e) (both also with fibre S). Suppose A is 
the Haar measure on T and As is the Haar measure on S, scaled so that 
As(S) = C. Then locally, dX = dXs <8) dX. Hence, for any e > 0, 


A(B(aQ,e)) = As(S)-A(B(aQ,e)) = C • A (B(aQ, e)). 
Part (d) follows. (e) then follows from (c) and (d). 


O Claim 1 


Now, Lemma ESKe ) says that 7^f(T) = fp, and (fp,is sensitive by 
hypothesis, so apply Case 1 to conclude that chops V. Then Claim WLe) 
implies that chops V. □ 


6. Injectivity of CA restricted to QS shifts 

We now address the second question of Hof and Knill [J : is a cellular automaton 
injective when it is restricted to a quasisturmian shift? We will prove: 

Theorem 6.1. Let $ : — ^A^ be any cellular automaton. There is a dense Gs 
subset *A'^ C A^, with *A^ C $^(*Al’^), such that, for anyP S *A^, the following 
dichotomies hold: 

(a) IfVG A"^ and = T,; (V), then either $ is constant {fi-se), or $ is injective 
in-ce). 

(b) IfVG °AA- and fp = (fP), then either is constant, or <i>|^ is injective. 

To prove Theorem Ki.ll recall that V is simple if V has no translational symmetries 

(E3- 

Proposition 6.2. Suppose V and Q = $^(7^) are both simple. 

(a) IfV£ AA- and ^ (V), then $ is injective (p-ee). 

(b) IfVG °AA and ip = (V), then <i>|^ is injective. 

Proof. (a) Let n = T,; (Q). Then Lemma l3.2f c') says that n = $(/i). Let 
971$ := {q G A^ ; q has multiple <i)-preimages in ip}. We must show that 
z/[97l$] = 0. 

Let := {q G ; q has multiple Q^-preimages in T}. Lemma 14.51 says 

z.[971qJ=0. 
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We claim that C . To see this, let q S 9Jt$. Thus, there are Pi, P2 G ip 
with <i>(pi) = q = $(P 2 )- Let ti := V^^ipi) and t 2 := 'P~^{p 2 ). Now, pi ^ p 2 , 
so Lemma Em savs ti 7 ^ t 2 (A-as). But Lemma rT^ ai says Q^(ti) = q = Q^(t 2 ). 
Thus q G OTtgj ■ 

Thus, C WtQj, so = 0. 


(b) Let pi,P 2 G ^P, and suppose $(pi) = d)(p 2 ). Let ^ : tp—>T be as in 
Proposition Ezrci). Let tj = Kpj) for for j = 1,2, and let s = t 2 — ti. If 


p-^(T) 


Thus, if 


U := T n p ^(T), then A[U] = 1, because A[T] = 1 = A 
O := 7^^(U), then fi[Q] = 1. We’ll show that $ is many-to-one on £2, thus 
contradicting (a). 


If qi G £3, then qi = T’<;(ui) for some ui G U. Let U 2 := ui + s; then U 2 G T. 
Let q 2 := 7 ^,;(u 2 ). Then q 2 7 ^ qi (since is injective by Proposition 14.711 . but 
we claim $(qi) = $(q 2 ). 


To see this, use the minimality of {^,dc,cr) to get C L with 

dc- lim cr^" (pi) = qi. Now, (tp, dc) is compact, so drop to a subsequence 

n—>00 

such that {cr^”(p 2 )KJLi converges in tp. 

Claim 1. dc- lim ct^"(p 2 ) = q 2 . 

n^oo 


Proof. Let q^ := dc- lim cr^"(P 2 ). To see that q 2 = q 2 , first note that 

n —>00 

lim = lim (1[(pi)) = lim t(o-^"(Pi)) 

n—»-oo 71—^00 n—*-oo 

where (*) is Proposition 14. 7r dlfi]: (f) is because ^ is continuous; and (|) is 

Proposition I4.7r d') [ii]. 

If U 2 := 1[(q2), then by similar reasoning, lim c^"(t 2 ) = u^. But t 2 = ti + s, 

n^oo 

so lim <j^"(t 2 ) = lim + s ttct ui + s = U 2 . Thus, U 2 = U 2 . Thus, 

n—*c>o n —>00 _ 

q 2 =T’^(u 2 ) = T’^(u 2 ) = Qt. where 1*1 is Proposition l4.7r dl[ii]. O claim 1 


Thus, $(qi) = $(dc-lim CT^”(pi)) = dc-lim ($(pi)) 

'•^■1 n^oo n—»oo 

= dc-lim ($(p 2 )) = $(dc-lim ct^"(p 2 )) = «'(q 2 ), 

III n—700 v*i n —^oo vPI 

where (|) is because lim ct^”(pi) = qi; {*) is because $ is continuous and 

n—^oc) 

cr-commuting; (f) is because $(pi) = $(p2) by hypothesis; and (o) is by 
Claim n Thus $(qi) = <i)(q2). 

This works for any qi G £2. Thus, is noninjective, but /r[£2] = 1, which 
contradicts (a). □ 


When are the hypotheses of Proposition lti.2l satisfied? An element t = 
{ti,... jtx) G T = [0,1)^ is called totally rational if ti,...,tK are all rational 
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numbers. It follows: 

For any t € T, • t = 0 for some n G is totally rational^ . (19) 

Let Tq C T be the set of all nonzero totally rational elements. 

Lemma 6.3. IfVG is a nonsimple partition, then it has a nontrivial symmetry 
in Tq. 

Proof. Suppose T = T^. Let S be the translational symmetry group of V', 
then S is a closed subgroup of T, so there is a topological group isomorphism 
(p : T'^ X So — >S (where 0 < J < K and Sq is a finite group). If J > 0, let F C 
be a nontrivial finite subgroup; if J = 0, then Sq is nontrivial, so let F = Sq. Let 
F' = (/)(F) C S. Then F' is a finite subgroup of T, and therefore, by flUll . can 
only contain totally rational elements. □ 

Let be the set of simple partitions; let be the set of trivial partitions 
(so that ltd’ll = |yl| is finite), and let := U = 

{V £ AA- ; P is either simple or trivial}. 

Corollary 6.4. ‘^A'^ is a dense Gs subset of AA- . 

Proof. If q G Tq, let '14'^ C AA- be all q-symmetric partitions. 

‘14’^ is closed in A^: If {Vi,V 2 , ■. ■} is a sequence of q-symmetric partitions 
converging to some dA-limit P, then P is also q-symmetric. 

44'^ is nowhere dense in A^: Observe that the q-symmetry of any P G can 
be disrupted by a small ‘perturbation’ —ie. by removing a small piece from 
and adding it to Pf, for some a,b G A. 

Thus, {A^ \ M"^) is open and dense in AA- . Now, Lemma 16.31 implies that 
= Pi (yl'^ \ ‘14'^). But Tq is countable, so is a countable intersection 

qGTQ 

of open dense sets, thus, dense Gs. 

Since *AA- is finite, it is also Gs', hence *14’^ is dense and Gs. □ 


Corollary 1^3] and ProDOsition l6.2l do not suffice to prove Theorem l6.ll even if P is 
simple, 'l>c^('P) may not be. We need conditions to ensure that both P and ^,;{P) 
are simple. 

If 6 is a Boolean algebra of subsets of T, then B is totally simple if no nontrivial 
set in B maps to itself under any nontrivial totally rational translation. That is: 
for any B G S, with 0 < A(B) < 1, and any q G Tq, /o‘*(B) B. 

Example 6.5. Let a G [0,1) = be irrational, and let B be the Boolean 
algebra consisting of all finite unions of subintervals of of the form (na, ma) 
for some n,m G h (where na and ma are interpreted mod 1). Then B is 
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.7 

totally simple. To see this, suppose B G 6; then B = (n^a, m^a) (for some 

j=i 

ni,..., nj, TOi, ..., TOj G Z). Assume WOLOG that nia is a boundary point of B. 
If p‘^(B) = B for some q G Q, then p'^{nia.) = n^a for some j G [1-. J], which means 
q = n^a — riia = {rij — ni) a is an integer multiple of a. But q is rational and a is 
irrational, so we must have rij — ni = 0; hence q = 0. <0 

If Q = {Qa}ae.A is a partition, we write “Q ^ B” if G /B for all a G A. 

If 7^ = {Pa}aeX is a partition, let {V) be the Boolean algebra generated by 
the set {<r^(Po) ; £ G L, a G A} under all finite unions and intersections. 

Lemma 6.6. (a) IfB is a totally simple boolean algebra, and Q < B is a nontrivial 
partition, then Q is simple. 

(b) //$ is any cellular automaton, then d’<;(P) ^ g^ifP). 

(c) Suppose {V) is totally simple. // is nontrivial, then ^,;{V) is 
simple. 

Proof. (a) Q is nontrivial, and Q ^ B, so there is some a G A such that 

0 ^ A(Qa) 1, and Qa G B. If Q is nonsimple, then Lemma 16.31 yields a 

nontrivial symmetry t G Tq with p^(Q) = Q. Hence p^(Qa) = Qo, which 
contradicts the total simplicity of B. 

(b) follows from eqn. m defining $c^(P). (c) then follows from (a) and (b) □ 


Example 6.7. Let T = = [0,1) and L = Z. Let a G [0,1) be irrational, and let Z 

act by c^(t) = t+za as in Example^21 Let A = {0,1}, and let P = {(0,a), (a, I)} 

as in Kya,mn1e l2.1 1 Then c**" (P) is the totally simple Boolean algebra from Example 
16.51 Thus, if d) is any CA, and d)<;(P) is nontrivial [eg. Example |3.3(a)| , then d)<;(P) 
is simple. <C> 


When is c*" (P) totally simple? If P = {Po} agA is an open partition of T, and 
s G T, then we say P has s-local symmetry if there are a,b G A and open sets 
0,0' c Tsothat (9Pa)nO ^0 ^ (9P6)nO', andp"((aPa)nO) = (5Pt,)nO'. 
We say P is primitive if P has no nontrivial s-local symmetries for any s G LTq := 
{<?^(q) ; £ G L, q G Tq}. 

Example 6.8. Let c and P be as in Exa,mr)le l6.7l Then P has a-local symmetry, but 
is still primitive, because a ^ ZTq = {za -I- q ; z G Z, q G Tq} (because 0 ^ Tq). 
❖ 


Lemma 6.9. IfVG °A^ is primitive, then c"" (P) is totally simple. 


Proof. For any a G A and £ G L, let P^ = c^(Po). Then any U G (P) has the 
form 

u = 

/c=l 
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for some J,K>0 and some collections {ajk}j=i ^=1 C A and {ijk}j=i ^ L- 
Suppose p‘*(U) = U for some q G Tq. Then p'i(9U) = 9U. But 


K 


au c U ^ n P' 

i=i Vfc=i 

and, for all j G [1--J], 5 | P| P: 


ijk 1 

djk I 5 


ijk 

O^jk 


\k^l 


U (3Pit)n n 








Hence, we must have open sets V, V' C T such that 



K 

vn(apl^::)n f| p'4 

= V'n(ap4:*)n fl P^::, (20) 

\ k,pk=l ) 

fe.#fc=i 


for some j,j' G G Let a := ajk, and a' := aj/kP, let 

K K 

t := i,k, and I' := lykp If U := V n f| and U' := V n f| Pa^?,, 

k^^k—\ 

then U and U' are open sets, and 1201) becomes: P'1 ((SP^) n U) = (aPf,) n 
U'. Equivalently, pi (<?^(aPa) n U) = ^ u'. Equivalently, 

p'io<j^-^'((aPa)nO) = (aPaO n O', where O := cr“^(U) and O' := c”^'(U'). 

Equivalently, p® ((aPa) n O) = (aPa') E O', where s := <r^“^'(q) G LTq. 
Thus, V has an s-local symmetry, contradicting our hypothesis. □ 


Corollary 6.10. Let ^14'^ C '14'^ he the set of primitive partitions. Then 
C 

Proof. If P G 44'^, then Lemma 16.91 says ij’'" (fP) is totally simple. Hence, 
Lemma 16. Of c) says that either ^^{V) is trivial or d)^(P) is simple. Hence, 
4>,(P4'^) C □ 

Lemma 6.11. pA'^ is d^-dense in A^. 

Proof. Let M G AA^ be a measurable partition and let e > 0. Lemma WA\ savs 
^AA is dA-dense in A^, so there is a dyadic partition We claim there 

is a primitive partition Thus, so P~44, so we’re done. 

To construct the primitive partition suppose T = T^, and consider two 

e/2 

cases: 

Case K = 1: T = = [0,1), so &D is a countable set of points. By slightly 

perturbing these points, we can construct V G °4l'^ with such that, for 

e/2 

any 61,62 G dV, 61 — 62 ^ LTq. Hence, V is primitive. 

Case K > 1: First, observe that, if s G T and V has a s-local symmetry, then 
s must be a dyadic element of T. Thus, it suffices to ‘perturb’ V so as to disrupt 
all dyadic local symmetries, without introducing any other local symmetries. 
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Figure 2. Approximating partition A4 with a primitive partition V. 


If Da G V, then 9Da is a finite disjoint union of (K— l)-dimensional dyadic cubic 
faces. Let /Ca be the set of these faces. Let /C = ^ ^ finite 

collection of dyadic cubic faces. Now, let {aKjfceA: G [0,1] be distinct frequencies. 
If V is n-dyadic, then let <5 < For each a € A, let Va be the set obtained 

as follows: begin with Va, and ‘corrugate’ each face k G /Ca, with a sine wave of 
frequency and amplitude <5 (Fig|21) 

Since all the frequencies are distinct, there can by no local symmetry from any 
face to any other; hence P is primitive. If S is small enough, then V'~7r:'D. □ 

e/2 


Corollary 6.12. For any n G N, is a dense Gs subset of c?a)- 

Proof. G6: Corollarv l6.4l savs is a Gs subset of . ProDOsition l3.4l savs 4)" 
is dA-continuous, so the $"-preimage of any open set is open; hence, 
is also Gs. 

Dense: Corollary 16 . 1 ( )l savs ^A"^ C $“"('* 14 '^), while Lemma lb. 1 II savs that 
^AA- is dense in AA ■, hence is also dense in AA. □ 


Proof of Theorem 16'. 11 First, recall that (yl'^,dA) is a complete metric space 
(Proposition 14.111 . and thus, a Baire space |42l Corollary 25.4(b), p.l86]. 

OO 

Now, let *AA := P| Then *AA is a countable intersection of dense 

n—1 

Gs subsets of 41'^ (Corollary 16. 1211 . and thus, is itself a dense Gs subset (because 
AA is Baire). By construction, $^(M'^) 3 *AA. 

If 7^ G is nontrivial, then V is simple, and either $^(7^) is trivial (ie. 
is constant) or $^(7^) is also simple. Now apply Proposition I6.2f a'l and (b) 
respectively to get Theorem 16.1 f al and (b) respectively. □ 
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7. Customized Quasisturmian Systems'\ 

Let M(N) := [—N..N)^ C L. Fix a word w G and a letter s € A. If x G A^, 

and 0 < e < 1, then we say x is e-tiled by w with spacer s if there is a subset J C L 
(the skeleton of the tiling) such that, as shown in Figure|21 

(Tl) +B(7V)^ n ^j 2 +B(7V)^ = 0, for any distinct ji,j 2 G J. 

(T2) density (J) > ■ Thus, density ^B(iV) + = (2iV)^ • density (J) > 

1 - e. 

(T3) For every jGj, = w. 

(T4) For any I ^ (B(7V) + J), Xi = s. 



Figure 3. a is e-tiled with tile w, with skeleton J and spacer s. 


Proposition 7.1. Let iV G N and e > 0. For any tile w G and ‘spacer’ 

s & A, there is an open partition V G °A'^ such that every element of (V) is 
e-tiled hy w with spacer s. □ 

To prove Proposition 17. II we use a Z^-action version of the Rokhlin-Kakutani- 
Halmos Lemma: 

Lemma 7.2. [5] For any iV G N and e > 0, there exists an open subset J C T 
such that: 

(a) The sets disjoint. 

(b) A(J) > ^ , and thus, X ( □ t'-(j)) > 1-.. □ 

^ ^ bGM{N) 

t This section contains technical results which are used in J^and 
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If L = Z, then M{N) = [—N..N), and called an {e, N)-Rokhlin 

tower of height 2N, with base J; the sets (J) are the levels of the tower. If L = 
for D >2, then we call the structure N)-Rokhlin city, with base 

J. The sets c*’(J) are the houses of the city. 

Think of the elements of A as ‘colours’; then we can build an ^-labelled partition 
by ‘painting’ the houses of the Rokhlin city in different yl-colours, as follows. Fix 
a word w G and a ‘spacer’ letter s & A. Let S := int{T \ U 

beB(Ar) 

If w = [wb]beB(Ar)i then for any a € A, let Pq := {b G M{N) ; = a}. Define 

partition V := {Pa}ae.A) where 

Ps := S U |_J cP(J), and, for any a G yl\{s}, Pa := |_| 

pePa peP„ 

( 21 ) 

We say V is obtained by painting Rokhlin city {‘?'^(J)}bgB(Ar) word w and 

spacer s. 

Lemma 7.3. Let G N and e > 0, and let (J)}be an {e, N)-Rokhlin city. 
Suppose V is obtained by painting ^ 

// t G T and p = P^(t), then p is e-tiled by w with skeleton J = 

{£gL; c^(t)G j}. 

Proof. The Generalized Ergodic Theorem says density (JJ) = A(J) > Also, 

V j G J, P|j+jj(^) = w. Finally, ^ J + B(fV)) ^ (c^(t) g s) ^ = s) . □ 

Proof of Proposition \7.1\ Let {‘?*’(J)}bgB(A) (e, A^)-Rokhlin city, provided 

by Lemma [^21 Now paint the city with w and s, and apply Ijemma, 17.31 □ 


Corollary 7.4. 0©^ is dense in A^ in the Cantor topology. 


Proof. Fix a G A^ and e > 0. Let t G T; we’ll build a partition Q G A^ so 
that q = Q^(t) is e-close to a in the Cantor metric. Let N > — log 2 (e), and 
Use Proposition 17.11 to find V G ‘14’^ such that p = P^(t) is 


let w = a| 


B(A) ■ 


b+B(A) 


Let 


tiled by copies of w. Thus, there is some G L such that p| 

Q = thus, if q = Q^(t), then q = cr^(p) by Proposition 12.2f al. so that 


|b(w) 


= w 


■|b(a) 


so that dc(q, a) < 2 


-N 


< e. 


□ 


Let be the space of cr-ergodic probability measures on A^, with the 

weak* topology induced by convergence along cylinder sets. 

Corollary 7.5. is weak*-dense inM^^^^A^). 
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Proof. Let v G Fix N > 0; let G and for each 

j G [1..J], let := |a G = Cj| be the corresponding cylinder sets. 

For any e > 0, we’ll construct a quasisturmian measure fi G such that 

for all J G 

The Generalized Ergodic Theorem yields some a G which is (cr, i^)-generic for 
Cl,..., £j. Thus, if M is large enough, then 

For all j G [1..J], v[€j] ~ (^r^a)) . (22) 

' ' bGB(M) 


where is the characteristic function of Cy Now, lj(a) is a function only of 
a|j^(^) , so the sum (1^ is a function only of w := . Use ProDOsition l7.ll 

to find some V G °AA- so that p G ifP) is e-tiled with w. If /r = (P), then 

p is (cr,/i)-generic, so for for all j G [1..J], 


/r[Cj] 


lim 
K—>oo 


1 

{2K)D 


E 

bGB(iG) 



1 

{2M)0 


bGB(M) 


1 

~ (2M)r5 


E ('T^w)) 

bGB(M) 




□ 


Lemma 7.6. Let x,x' G A^ with < 5. Suppose N > 0, and that x ean 

he e-tiled by some w G with skeleton JJ C L. Let (5 < (1 — e)/{2N)^, so 

e' := e + {2N)^6 < 1. Then x' can be e'-tiled by w, with skeleton J' C L, such that 
density (J n J') > density (JJ) — <5. 

Proof. Let JI' = G L ; = w|, and let Ja = JJ \ J'. Thus, 

jnj' = jj\jJa. 

We’ll show that density (JJa) < S. Thus, density (JJ n JJ') = density (J) — 
density (Ja) > density (J) — 5. 

Let IK = {£ G L ; x'^}. Then density (IK) = d_B(x, x') = S, and for any j G J, 

(j G Ja) ^ (^'|j+B(A) ^ (^'|j+B(A) ^ ^|j+B(A) ) 

(^j+b 7^ ^j+bi for some b G ]B(A^)) 

+ b G K, for some b G M{N)j . 

Thus, we can define a function [3 : Ja—>B(A^) such that j + /3(j) G K for all 
j G Ja- This defines a function k : Ja—>]K. by K(j) = j + /3(j). 

Note that k is an injection, because for any distinct Ji,j 2 G Ja C J, tiling condition 
(Tl) says that (Ji + B(A^)) n (J 2 + B(A^)) = 0; hence Ji + /3(Ji) 7^)2 + Pih)- 

Claim 1. Let J„ = k(Ja) G IK. Then density (J^) = density (Ja). 
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Proof. For any M > 0, every element of Ja H B(M) must 

go to some element of H B(M + N) under k. Likewise, every 
element of JJ„ n B(M — N) must ‘come from’ Ja H B(M). Thus, 
# [J„ n B(M - TV)] < #[JAnB(M)] < #[J«nB(M + iV)]. 

(a) (b) 


Thus, density (J^) 


#[J,,nB(M-jV)] 
M^oo (2M - 2N)D 


(2M)^ 

M™oo {2M-2N)D 


lim 
M—>OC 


lim 

M —>-cx 


# [J„ n B(M - N)] 


# [J,, n B(M - N)] 
{2M)D 

# [Ja n B(M)] 


(2M) 


D 


lim 

M^OC 


density (Ja) < 

(B) 


lim 
M —^oo 


< 

(A) 

# [J„ n B(M 


{2M)D 

-N)] 


(2M) 


D 


{2M + 2N)^\ I 

(2M)^ J ' ' 

1.™ *IJ-BB(M + iV)l 

M^oo (2M + 2N)D 



lim 

M —>-oo 


#[J,,nB(M + iV)]\ 
(2M + 2iV)^ J 

density (J„), 


where (A) is by (a) and (B) is by (b) 


O Claim 1 


Thus, Claim 1 implies density (Ja) = density (J^) < density (K) = 6, as desired. □ 


Corollary 7.7. IfXG is a-invariant and ds-dense in 0S^, then X is also 
dc-dense in 0©,;. 

Proof. Let q G 0©^ and A > 0; we want x G X such that ■ Let 

w := ■ If e > 0, then ProDOsition l7.1l vields some q' G 0©,^ which is e-tiled 

by w. Let 5 < (1 — e)/(2A)^, and use the ds-density of 0©,j to find x' G X with 
(is(x',q') < S. Then Lemma f7.til savs that x' can be e'-tiled by w. Thus, there 
is some £ G L such that x'| „ = w. If x = cr“^(x'), then x| = w, and 

X G X because X is cr-invariant. □ 


8. Surjectivity and image density 

A natural conjecture: If : Jf"—is surjective, then is also 

surjective. Unfortunately, this is false. For example, suppose A = {0,1} = Z/ 2 . 
For any V G Af^, iiP = {Po,Pi}, then let V := {Po,Pi}, where Pq := Pi and 
Pi :=Po. 


Proposition 8.1. Let $ he as in Example 3.3(a) 


If V G $,j(A’^), then V ^ 


Proof. First let U G °A'^ be the ‘unity’ partition A = 1, ie: Uq = 0, Ui = T. We 
claimZJ ^ $c^(A'^). To see this, suppose Q G A'^ andll = $^(Q). TreatingZJ and 
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Q as functions from T to A, we have: U{t.) = Q(t) + Q (mod 2) for all 

t G T —ie. U = Q + Qo(mod 2). But Z^ = l, sol = Q+ Qo<;, which means 
Qo<j = l-Q. Thus, Qo<j2 = Qo<jo<^ = (l-Q)o<^ = l-Qo<j = l-(l-Q) = Q. 
Thus, Q is <r^-invariant. But <r is totally ergodic, so this means that Q is a constant 
—cither Q = 1 or Q = 0. Neither of these partitions maps to U under so 

Now, let V G and suppose V = d)<;(Q) and V = d),;(Q') for some Q, Q! G A'^. 
Note that V + V = U. Let Qt ■= q + q'- then $,(Q^) = $,(Q) + $,(Q') = 
V + V —U, where (*) is because is Z/ 2 -linear. But we know that U ^ <i>^(y^'^). 
Contradiction. □ 

Thus, is not surjective: $^(^'^) hlls at most ‘half’ of .4'^. Nevertheless, we will 
prove: 

Theorem 8.2. Let : A^—'rAA be any CA. The following are equivalent: 

(a) $ is surjective onto A^. 

(b) is d^-dense in A'^; and $c^(C4'^) is d^-dense in °AA. 

(c) $(06,;) is ds-dense in 06^. 

(d) $(06c;) is dc-dense in 06,;. 

If L = Z (as in Theorem 18.211 . then there is some irrational a G T such that 
<j*(t) = t + za. for any z G Z and t G T. The system (T, g, A) is called an irrational 
rotation. To prove Theorem lO we’ll use the rank one property of irrational 
rotations. 

Theorem 8.3. (del Junco) ^ 

Any irrational rotation is topologically rank one. That is, there is a sequence 
of open subsets o/T such that: 

(a) Ji is the base of an (e^, Ni)-Rokhlin tower (see where Ci^O and Ni^oo. 

(b) Any measurable subset W C T can be approximated arbitrarily well by a 

disjoint union of tower levels. That is: for any (5 > 0, there is some i G N and 
some subset M. C M{Ni) such that, if Vi = |_| c'^(Ji), then XfWAW) < d. □ 

m^M 

Proof of Provosition HOI - “(b) (c)” First note that $,;(°AlJ') is dense in 

°AlJ, because Proposition 12. df al says ‘Mj’ is dense in °AA, so ^^(CdJ') is dense 
in ‘14'^ (and thus, in “14^). Now apply Proposition 13.51 

“(c) (d)” follows from Corolla, rv l7. 71 

“(d) (a)” Corollary 17.41 implies $(06^) is dc-dense in A^; thus, $(Al’'") is 

dc-dense in A^. But $ is continuous and A^ is dc-compact, so $(aI’'") is also 
dc-compact, thus, dc-closed. Hence, $(Al’'") = A^. 

“(a) (b)” We’ll show that $,; ( °AA) is dense in °AA. It follows that $,; (Al"^) 

is dense in because Proposition ^21 says °Al’^ is dense in Al'^. 

Let V G °A'^ and e > 0. We’ll construct Q’^ G °A'^ such that d($^ (Q'‘), 7^) < e. 
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Let S := e/5. Let {Ji, Si, be as in Theorem 18.31 For any i G N and any 

b G M{Ni), let := Then let Si := int{T \ |J j/). Fix s G A. 

beB(Afi) 

Claim 1. There is i G N and a word w G such that, ifV is the partition 

obtained by painting city {Ji }bgB(jv-) w and spacer s, then d/^{fP, V) < 5. 

Proof. Let A := ff{A). For each a & A, use Theorem I8.3r b') to find some 
set Pq (a union of levels in {Ji ^(PaAPa) < Assume 

{PajaeA are disjoint. Enlarge Ps by adjoining to it. If i is large enough, 
then A(Si) < |. Thus, 

d^{V,V) = A(P.AP,)+ ^ A(P,AP,) < Y. A = 

s^aG-4 s^a^A. 

We define w: for any a & A and b G R{Ni), C Pa) • Then 

V results from painting {Ji with w and spacer s, as in eqn. mi) of in 

O Claim 1 

Fix t G T n Ji and let fj := 7^^ (t). Thus, ^ = w. Now, is surjective on 

A^, so find q G A’'" so that <i)(q) = p. Suppose $ has local map (f : — ^A, 

and let iV':= iV, - n. If v = ; then ci>(v) = = 

’^|b(ao ■ ^ partition Q" = {QalasA by painting 

then let q'^ := Q^(t). Let := $(q'^). 

Claim 2. If i is made large enough, then (iB(pCp) < 2(5. 

Proof. Let Ji = {£ G L ; <j^(0) G Ji}. For all j G JJi, Lemma lTl^ savs P|j_|_jg^jY ) “ 
wandq^|.^„^^^^ = V. Thus,p^|.^^^^,^ = 0(v) = Thus, 

P |jIi+B(A,q “ P|ji+B(A?) ■ 


Hence, dB(p'^, p) = 


(t) 


density (€ G L ; p() < density ("l \ (JJ^ + B(A^'))) 

rJzHl 


1 — density + B(A^')) = 1 — (2iV')^ • density (JJi) 


is by ean. il^ : (f) is the Generalized Ergodic Theorem, and (*) is because 
Ji is the base of a ((5i, IVi)-Rokhlin tower. 


Make i large enough that Si < S, and also Ni 
(^) > (1-^)- Hence •(l-<5i) < 

O Claim 2 


n 

> -, SO that 

1 - 

1-(1-A)2 = S{2-S) < 2(5. 
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If p<^ ■= then 


ri{t) 


= 

) = 


(24) 

dA{F\P) 

= 2 dB(v^,i^), 

n(t)) 

= 2 dB{p\p) 

^ 4(5. 

{cEl 

(25) 

dA{V\P) 

< dAiv^,r)^ 

-dA{v,r) 

< 4(5 + (5 

= 5(5 < 

e. 


(t) 


Here, (o) is Lemma rOT ah (*) is by Proposition I2.4f bi: (f) is by ean. ll^ : 
(C® is Claim 121 and (|) is by ean. (l25ll and Claim ^ 

Thus, < e. But e is arbitrary. So is dense in . □ 

Remarks, (a) If $ : is surjective, and is a dosed subset of 

A'^, then Theorem 18.‘if bl implies that 4)^ is surjective. When (if ever) is 
closed? 

(b) Extending Theorem 18.81 to L = would immediately extend Theorem 18.21 
to L = Z^. 


9. Fixed points and Periodic Solutions 

If 4) : A^ — >A^ is a cellular automaton, let Fix [4)] := {a G A^ ; 4)(a) = a} be the 
set of all fixed points of 4>. If p G N, then a p-periodic point for 4> is an element of 
Fix[4>^]. If V G L, then a p-periodic travelling wave with velocity v is an element of 
Fix[4>^ o When does 4> have quasisturmian fixed/periodic points? First, it is 
easy to verify: 

Proposition 9.1. Fix[$], Fix[4>P] and Fix [4>^ o are subshifts of finite type 
(SFTs). □ 

(See [H El] for an introduction to subshifts of finite type). Thus, we ask: if 
S' C A^ is an SFT, when is 5^ C £16,; nonempty? Let 5^ C .4’'" be an SFT, and let 
a & A. We say a is an inert state for if c G j?, where c is the constant sequence 
such that ce = a for all £ G L. 


Example 9.2. Let A = {0,1}. 

(a) Let B = [—1..!]^, so #(B) = 3^. The Voter Model |4n| has local map: 




I 1 if A(a) > 3^/2; 
\ 0 if A(a) < 3^/2. 


where .^(a) := E Ob 

beB 


Both 0 and 1 are inert states for Fix [4)]. 

(b) Let B C Z^, and let 0 < sq < Bq < bi < si < #(B). A Larger than Life (LtL) 
CA | 13L I14L I15| has local map 


(l){a) 


1 if oo = 1 and sg < A{a) < si; 

1 if og = 0 and bo < A{a) < bi; 

0 otherwise. 


where A(a) := E Qb. 

b€B 
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For example, J.H.Conway’s Game of Life is an LtL CA, with B = [— 

So = ho = hi = 3, and Si = 4. LtL CA have many fixed points, periodic points, 
and travelling waves with various velocities (for example, the well-known gliders 
and fish of Life). The corresponding SFTs all have 0 as an inert state. <(> 

Let V > 0. An SFT ^ with inert state 0 is Dirichlet with valence V if, for any 
r > V, and any IJ-admissible configuration a G there exists b G S’ such that 

^|B(r- V) ~ ^|B(r V) bg = 0 for all £ G L \ B(r -|- V). We call b a Dirichlet 
extension of a. 

Proposition 9.3. Suppose ^ is a Dirichlet SFT. Lf is any ergodic h-action on 
T, then ^ H 7 ^ 0 and contains nonconstant elements. 

Proof. Let t G T. We must construct an open partition V G such that 
’Pcr(t) G S’- We will do this by painting a Rokhlin city (see (0. Let r > 0 and 
let V be the Dirichlet valence of S^. Let N := r + V, and let be a 

Rokhlin city in T. Let a G be some S-admissible sequence, and let b G A® 
be a Dirichlet extension of a. Let w := , let e > 0; then Corollarv l7. II yields 

an open partition P G °A'^ so that every element of (V) is e-tiled by w with 
spacer 0. It follows that every element of (V) is S^-admissible. □ 


For example, the fixed point SFT of the Voter Model is Dirichlet, as are the SFTs 
of fixed points, periodic points, and travelling waves for any LtL CA. Thus, £36,; 
contains nonconstant fixed points for the Voter Model, and nonconstant travelling 
waves for LtL CA. 

10. Background on Linear Cellular Automata) 

Suppose that p is prime and A = Tj/p = [0..p) is a cyclic group; then A^ is also an 
abelian group under componentwise addition. We say $ is a linear cellular automaton 
(LCA) if $ has a local map : A ®—>A of the form 

<(>(a) = ^ PbUb (mod p), for any a G A®, (26) 

beB 

where B C L is finite, and ipb € are constants for all b G B. Equivalently, 

$(a) = ^ • o''^(a), for any a G A®. (27) 

beB 

If p = 2, then A = Z/ 2 , and $ is called a boolean linear cellular automaton (BLCA), 
and eqns. (ESI and (EZI) become: 

0(a) = ^ Ob, for any a G A®, and <i)(a) = ^ ^•'’(a), for any a G A®. 
beB beB 

(28) 

t This section contains technical results which are used in JSl and 
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We call B the neighbourhood of $. A BLCA is entirely determined by its 
neighbourhood. 

The advantage of the ‘polynomial of shifts’ notation in equations ini) and (PI 
is that iteration of $ corresponds to multiplying the polynomial by itself. For 


N 


example, if $ = 1 + cr, then the Binomial Theorem says d*" = 

n—0 

For any N G N, let p-ary expansion of N, so that N = 

OO 

Let P{N) := {n G [O..A^] ; < A^(*\for V i G N}. To get binomial 


i=0 

coefficients mod p, we use: 


Lucas’ Theorem 
nd) > Nd), and | 

For example, if p = 2 and d* = 1 + cr, then Lucas’ Theorem says that 
cr". More generally, Lucas’ Theorem and Fermat’s Theorem [111 

neC{N) 

§6, Thm.l] together imply: 


n 


:= 1 . 


P i=0 

Thus, 


nd) 

N 
n 


where we define 


^ 0 iffn gC{N). 


nd) 


:= 0 if 


□ 


Lemma 10.1. Let p be prime, let A = 'L/p, and let ^ as in eqn. (p|. 

bGB 

Then for any m gN, if P := p^, then ^ pb • 0 ^ '°. □ 

beB 


11. Background on Torus Rotation Systems] 

Let T : L—>T be a group monomorphism with dense image, and for any f G L, let 
= p'^d) denote the corresponding rotation of T. This defines an ergodic torus 
rotation system {T,d,q). Torus rotation systems are minimal in the sense that 
every t G T has dense <j-orbit in T. For the ‘generic’ torus rotation system, an 
even stronger property holds. Suppose L = Z. If p G N; then the system (T, d, <,) 
is minimal along powers ofp if, for any t G T, and any e > 0, there is some m G N 
such that ~ t. 

More generally, suppose L = . For each d G let eu '■= 

d-l 


(0,..., 0,1,..., 0) G L. If p G N, then the system (T, d, q) is minimal along powers 
ofp if, for any ti,..., t£) G T, and any e > 0, there is some m G N such that, for 
alldG [L.Li], ~ td. 

We’ll show that the ‘generic’ torus rotation is minimal along powers of p. First, 
note that for any monomorphism t : L —s-T, there are unique ai, a 2 ,..., G T 
such that t{£) = fiai + f 2 a 2 + ■ • • + Id^d for any i = (£ 1 ,... ,£d) G L. Treat 


t This section contains technical results which are used in JSl and JSl 
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(ai,..., a£)) as an element of the Cartesian power (T)^, and let be the product 
Lebesgue measure on (T)^. 


Proposition 11.1. FixpGN. Fory^D (ai,...,a£)) S (T)'° the system {T, d, 
is minimal along powers of p. 


Proof. Let T = = [0,1)^. For each d G [l..iA], let a^ = ( fid, fid, ■ ■ ■, K^d), 

and let = ( fd, ■ ■ ■, Ktd)- For each k G [l.-iH], suppose fid and have 
p-ary expansions: 




E 



and 


ifd 


E 

2=1 


k^d 


where G [0..p) and G [0..p) for all i G {1, 2, 3,...}. Let L := [logp(e/iF)J. 

Let A = [0..p). Fix d G [1..L1] and k G [l..iir]. For Va G T, the p-ary sequence 
fid ■= { fi]i, fil, fi%---) is generic for the (i,..., i)-Bernoulli measure on 

Thus, the word ftd := [fd^ ..., occurs in fid with frequency 
p~^. Furthermore, for Vad (ai,...,a£)) G (T)^ the collection of sequences 
{ d=i C -4*^ are independent. Hence, the words occur simultaneously 

in fid for all d G [1..L1] and k G with frequency > Q. Thus, there 

is some TO G N such that [ fi]f+\ ..., ..., ^t^], 

for all k G [I..K] and d G [1..Z1]. Thus, p™ • fid J^d, for all k G [l-.K] 

and d G [1..Z1]. Thus, for all d G [l..T>], (0) = p^a^ ^d, and 

K/p^ < Kj^ = e. □ 


12. Expansiveness 

Let $ : — >A^ be a cellular automaton, and let ^ > 0. If p G 0S^, we say that 

the topological dynamical system (06,^,^^,$) is (positively) f-expansive at p if, 
for any q G 0©^ with q 7 ^ p, there is some n G N such that ds (4)”(p), $”(q)) > 
We say (06^, ds,®) is (positively) ^-expansive if (0©,^, ds, 4)) is ^expansive at 
every p G 0©,j. 

Proposition 13 of |2.Qj states that a cellular automaton $ is never expansive in 
the Besicovitch topology. This is proved by constructing a configuration a G A^ 
that is ‘nonexpansive’ for $. However, a ^ 0©^, so the proof of Proposition 13 in 
|20j does not apply to ( 0 ©,^, ds, <&). 

Expansiveness is the ‘opposite’ of equicontinuity. Torus rotation systems are 
equicontinuous; hence, any shift map acts equicontinuously on 0©^. It is natural 
to conjecture that all CA act equicontinuously on 0©,;, especially in light of 
Proposition 13 in |20] . We’ll refute this by showing that the boolean linear CA 


of Example 3.3(a) is expansive on 0©c; 


Proposition 12.1. Fixa^T, and suppose h = h acts on T by A{'t') = t + z-a 
for any t G T and z G Z. Let A = Z /2 = {0,1}, and let ^ = 1 + a be the BLCA 
of Example 3.3(a) For Va a G T, and for any ^ < 1, the system (0©^, ds, 4>) is 
expansive. 
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Proof. Let o = (... , 0,0, 0,...) G A^. Then 4>(o) = o, because $ is a linear CA. 
We will first show that (£36^, <&) is ^-expansive at o. 

Let p G so that p = 7^^(t) for some V G °AA- and t G T. Let 

O be the constant zero partition (ie. O = {Oo,Oi}, where Oq := T and 
Oi := 0). Thus, o = 0^(t), and Proposition I2.4f al and Lemmaal imply 
that dB(4>"(p),o) = O). Thus, we seek n G N such that 

dA ($^(7^), o) > 2e 


Claim 1. 
such that A 


Let P C T be measurable, with 0 < A[P] < 1. There is some t G T 
Pnp'^(P)l < A[P]2. 


Proof. First note that 


Pnp"(P) dA[t] = 


T Jp 


TP 


)(s) dA[s] dA[t] 


^ V“(P)(-'t) jm "(P)] 

= ^A[P] dA[s] = A[P].A[P] = A[P]2. (29) 


(*) is because lpt(p)(s) = lp(s — t) = Ilp^s(p)(—t) for any t,s G T. (H) 
is because A is the Haar measure on T. 


But A 


P n p°(P) = A[P] > A[P]^. Thus, ean. d^ implies there must be some 


t 7 ^ 0 such that A Pnp'^(P) < A[P]^. 


O Claim 1 


Claim 2. Let P C T be measurable, with 0 < A[P] < 1. For a G T, there is 
some m G N such that A 


PAc2"‘(P)] > ( 2 -A[P]) • A[P]. 


Proof. This follows from Claims] and Proposition lll.il 


O Claim 2 


Claim 3. There is an increasing sequence C N, such that, if 

P° := V, and for all fc G N, := then for all k G N, 

A[P5^+1] > ( 2 -A[P^]) • A[PJ]. 

Proof. Suppose V = {Po,Pi}. Let mi be the result of setting P = Pi in 
Claim 12 Lemma 111).II savs that = 1 + so ^ = 1 + 

Thus, if := \'P)j then P) = PiAc^™(Pi); hence Claim |2 says 

A[P}] > (2-A[Pi]) -Api], 

Inductively, suppose we have mfc G N and partition Let 

mfe+i be the result of setting P = P^ in Claim|21 Then = l + cr*^^ 

so ^ ^ = 1 + fc+i)^ Thus, if := \'P), then = 

P^Ac2"‘'“+i(pfe); hence Claim|2saysA[P^+^] > (2 - A[Pf]) • A[Pf]. O claim 3 

Claim 4. If C (0,1), and rk+i > (2 — rk) ■ rk for all k G N, then 

lim Tfc = 1 . 
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Proof. The sequence is increasing (because < 1, so (2 — rfc) > (2—1) = 1, 
so rfe_|_i > (2 — Tfe) • Tfe > Tfe, for all k G N). We claim that sup = 1. 

feGN 

Suppose not; then 3 y < 1 such that Vk < y, for all k G N. But then 
Vk+i = (2 - Tfc) ■ rk > {2 - y) ■ for all k; hence, > (2 - yY ■ ri. Thus, 

lim Tfc > ri • lim {2 — y)^ = oo. Contradiction. O claim 4 

k—*oo k—*oo 

Now, for any fc e N, = 2-A[OiAP^] = 2• Ap^]. Thus, combining 

Claims 13 and 0 we conclude that lim d/\{0,V'^) = 2- lim ApJ] = 2. 

k—*(x> k—^cci 

But observe that 

pk ^ = ... = 

= where Uk = 2™'= + 2™''-i + ... + 2™i. 

Hence, lim ds (o, (p)) = - lim d/\{0,'P^) = 1 > ^, where (*) is by 

fc^o o 2 k ^oo 

Proposition 12.4f bl and Lemma|^fa). 

It follows that ds) is ^-expansive at o. To see that {^,£l&^,dB) 

is ^-expansive everywhere, let p, q G 0©^; we must find some n G N 
such that ds ($”(p), $"’(q)) > Let r = p — q; find n G N such that 
dB($"(r), o) = dB($”(r),$"(o)) > e Thus, dB($”(p),$”(q)) = 

ds ($"(p) - $"-(q),o) = ds ($”(p-q), o) = ds ($”(r), o) > where 
(L) is because $ is linear. □ 


13. Niltropism and Rigidity 

Let {nk}'^^i C N. The system (0©<;,dB,$) is rigid along {nk}'^=i if, for all 
q G 0©^, ds- lim $"'''(q) = q. Suppose A is an abelian group with identity 

k—^co 

element 0. Let o G be the constant zero configuration (ie. 0 £ = 0, for 
all £ G L). Then (0©<;,dB,$) is niltropic along if, for all q G 0©^, 

ds- lim $"'‘(q) = o. 

k —^oo 

Likewise, (Al'^, dA, is rigid along {nk}^i if, for all Q G A^, dA — 
lim $"''(2) = Q, and (Al"^, dA,) is niltropic along {nk}'^^i if for all Q G Af^, 

k —>-cx} 

dA— lim $"'“(2) = 0, where O G Af^ is the trivial partition (ie. Oq := T and 

k^oo 

Oa := 0 if 0 7^ a G A). 


Example 13.1. Let L = Z, and let a G T be such that c*(t) = t + z . a for all z G Z 
and t G T. Then (0©^,d_B,cr) is rigid. To see this, find a sequence {nkj^i G N 
such that lim Uk ■ a. = 0 in T. Thus, if t G T, then 

fc—*00 


lim 


‘T 


'(t) = lim rifca + t = 


t. 


(30) 


Now, for any p G 0©^ , there is some V G °AA and some t G T such that p — V^ (t); 
hence, lim tr"''(p) = lim cr”’'" (P<;(t)) = lim P^(c"''(t)) =P^(t) = p. Here, 

fc—*00 k^ oo k—*oo _ _ 

(*) is by Proposition 12.2r aL and (f) is by Proposition [^Jb) and eqn.ljHOJ). <> 
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If .4 = Z/p and 4) is the LCA of enn. 12711 in m we define trace [<&] := X^beB 
(mod p). Suppose L = Z^. Let r : L— >T be a monomorphism such that 
C^(t) = for all £ Gh and t G T. Then there are unique ai, a 2 ,..., G T 

such that r(£) = £iai + £ 2^2 + ■ ■ ■ + £dsi-d lor any £ = (£i,..., in) G h- 

Theorem 13.2. Let A = Z/^ (p prime). For Va ai,...,a£) G T, there is a 
sequence {mj}'jLi G N such that, if nj := p^^ for all j G N, then for any linear 
cellular automaton 

(a) //trace [$] = 0, then (A'^, cJa)‘ h.;) and are niltropic along 

(b) //trace [4)] ^ 0, then (A'^,dA,4’^) and (06^,d_B,$) are rigid along 

{(p- 1) • 

Proof. We’ll show rigidity/niltropism for , c^a ,); rigidity/niltropism for 
(06^, d_B,‘b) follows from Proposition 13. 51 Let {cj}jLi be a sequence decreasing 
to zero. For all j > 0, Proposition 111.11 yields some mj G N such that 
d(p^^ ■ a^, 0) < Cj for all d G [1..0]. Let Uj := p^P Let $ be the LCA 

of enn. l27ll in ^1 01 and let M := maxlbl. Let V G and fix <5 > 0. 

bsB 

Claim 1. There exists J G N such that, if j > J, then, for all b G B, 
dA iP) < 6. 

Proof. The function T 9 t 1 -^ G is dA-continuous [221 Prop 8.5, 

p.229]. Thus, find some ej > 0 such that, 

For any t G T, ^(i(t,0) < M ■ ej) (dA {p\V), V) < 5 ). (31) 

If b = {hi,...,bo), then = p{birii^i+-+bon,^o)_ Jf j > then 

d[{nj ■ ad), 0] < Cj , for all d G [1..0]. Hence, d [(feirijai+ ••• +founjai)), 0] < 

(l&il + ••• + |6 d|) • Cj = |b| • ej < Mej, so dA = 

dA iP) 1^(5. O Claim 1 

Let $ be as in eqn. m, nnd let R — trscG Let B If j ^ t/, then 

m ^ Ed’b-d^ 

beB bGB 

(t) is by Lemma Fl 0.11 and (*) is Claim ^ 

This works for any d > 0. Thus, if i? = 0, then lim dA ( {V), 0) = 0. 

j—^OO V / 

Ifi? 7 ^ 0 , then$[P-id"^(iP) ~ i?P-AiP = iP, wheredi := (p-1)H• d, and (*) is 
by Fermat’s Theorem [HI §6, Thm.l]. Thus, lim dA iP) = 0. □ 

Example 13.3. Let L = Z. 

(a) If A = Z/ 2 , then 1 + cr is niltropic, but 1 + cr + cr^ is rigid. 

(b) If A = Z/ 3 , then 1 + cr is rigid, while 1 + cr + cr^ and 1 + 2cr are niltropic. <0 


r 0 if i? = 0; 
\ i?-iP if R^O. 
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14. CA-Invariant Quasisturmian Measures 

If 4): is a CA, are there any 4)-invariant quasisturmian measures on A^7 

The answer is reminiscent of J. King’s Weak Closure Theorem pT] , 


Theorem 14.1. Let $ : A^ — >-A^ be a CA. IfVG Af^ and n = T^ (V), then 
(^fj, is ^-invarian^ for some t S 

To prove this, we must first characterize the set of (^-quasisturmian 

measures. 


Proposition 14.2. Let /i € M.{Af"). Then is quasisturmian^ 
<^==> (^The MPLS (A^,(T,/i) is isomorphic to a torus rotation^. 
To prove ProDOsition ll4.21 in turn, we use the following lemma: 


Lemma 14.3. Let V G A"^ and let q be an L-action on T. Let p = (P). 

(a) P,; : T— i-A^ is an (MPLS) epimorphism from (T,(j,A) to {Af",a,p). 

(b) If P is simple (see 44.211 . then P^ is an isomorphism from (T, <;, A) to 

{A^,a,p). 


Proof. (a) P^ : T— >A^ is a measurable function, and Proposition 12 . 2r al says 
cr^ o P^ = o (cf for any f S L. Hence P^ is a epimorphism from (T, A) to 
(Al’^,(T,/i). 

(b) IfP is simple then Lemma EM says that P^ is injective (A-ae). Thus, P^ is 
an isomorphism from (T, c. A) to {A^, cr,p). □ 


Proof of Proposition [TO ‘=^’ Let P G A'^, let c be an L-action on T, 
and let /i = (P). If P is simple then Lemma lld.df bl says P^ is an MPLS 

isomorphism from (T,<^, A) to {A^,a,p). If P is not simple, then Lemma iOT el 
yields a simple partition P G Af^ with /x = Tf (P); then Lemma lld.dr bl says Pf 
is an isomorphism from (T,G, A) to [Af",a,p). 

Suppose dt : T— >Af" is an isomorphism from (T,c,A) to {A^,a,p). We 
claim that ’i’ = for some measurable partition P G A"^. For any £ G L, let 
pr^ : A^—>A be projection onto the £th coordinate —ie. pr£(a) := m, for 
any a G Af^. Define P := prp o vk : T— >A. Then P is a measurable A-valued 
function —ie. an A-labelled partition —on T. Observe that, for Va t G T and 
all £ G L, 

= Poc^(t) = prQo4'oc^(t) = prQocr^o4'(t) = pr^o4'(t) = 4'(t)f. 

Hence P^(t) = 'l'(t). This holds for Va t G T, so P,; = di (A-ae). Hence, 
p = 4>(A) = Pc: (A) = (P), so p is quasisturmian. □ 
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Proof of Theorem \14.1\ 


is obvious. We must prove “= 


Case 1: {V is simple) If Q = then T<; (Q) = T<; (4)^(7^)) = 4’(T^ (7^)) = 

$(^) = /i, where (*) is Lemma rOT ch and (f) is because p is ^-invariant. Thus 
it suffices to show: 

Claim 1. If Q £ and (Q) = p, then Q = p^{V) for some t G T. 

Proof. V is simple, so Lemma insib) says 7^<; is an MPLS isomorphism from 
(T,c,A) to Q may not be simple, but Lemma Fld.dl ai says that 

Q,; : T —is an MPLS epimorphism. Thus, fj := o : T — >T is a 
endomorphism from (T, c. A) to itself, (ie. ip ■ T — >T and ip o = (;^ o ip for 
all £ G L). 

Claim 1.1. There is some a G T such that ip = p^. 

Proof. Define a : T — >T by a(t) := ip{t) — t. We claim that a is constant 
(A-se). 

Why? a is measurable because ip is measurable, a is c-invariant, because for 
anyfGLandtGT, a (<r^(t)) = (c^(t)) - c^(t) = (V'(t)) - ^^(t) = 

{ip{t) + T{i)) — (t + t{£)) = ip{t) — t = Q!(t). But is ergodic, so a must 
be constant (A-se). 

Hence, ip = p^, where a is the constant value of a. V claim i.i 

But then ° Q<; = P^'j = 7^^ o 

= V o p^, (A-as)^ . In other words, Q = p^ifP). f> claim i 


Case 2: {V is not simple) Lemma |4.6l el yields a simple partition V such that 
^ = Tf (V). When applied to V, Case 1 implies that $^(7^) = p^{V) for some 
t G T. Let q : T—>T be the quotient map, and t G ( 7 “^(t); it follows that 

^A'P) = p\v). □ 


Example 14-4- Suppose q G 06,; is a quasisturmian travelling wave for $, 
with period 1 (see Thus, q = Q^(t), for some Q G L4'^ and t G T. 

Hence, p := T,; (Q) is a ^-invariant QS measure. If q has velocity v G L, then 

MQ) = <> 

Let L = Z^, and let ai,..., an G T be as defined prior to Theorem II .4.21 in ESI 

Proposition 14.5. Let A = I-/p (p prime); let ^ he a linear CA with trace[th] = Q 
(see ESI- Then for \/\ ai,..., an G T, there are no nontrivial -invariant measures 
inMf^A^). 

Proof. Suppose p = ifP) for some V G Af^. By Lemma [l4.df cL we can assume 
V is simple. If p is 4>-invariant, then Corollary 114.11 savs that ^,;{V) = p^iV) 
for some t G T. But trace [4)] = 0 (mod p), so Theorem lld.2f al yields a sequence 
{ujl^i G N such that 


lim p'^i^iP) = 


lim <I>fi{P) = 

j^OD 


O, 


(32) 
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where O is the trivial partition. However acts isometrically on , so for any 
j e N 

O) = d{V, p-'^^^O)) = d{V, O). (33) 

Combining equations and ll^ we conclude that d{V, O) = 0. Thus 
V = o. □ 


Example 14-6. Let L := Z, and recall Example [T!OI 


li A = Z/ 2 , then Example 13.3(a) implies that 1 + cr has no QS invariant measures. 


If ^ = Z/ 3 , then Example 13.3(b) implies that 1 + 2cr has no QS invariant 
measures. <(> 


15. Asymptotic Nonrandomization 

Let A = Z/ 2 , and let rj be the ( 5 , Bernoulli measure on A^. li p G A4(A^) 
and $ is a CA, then $ asymptotically randomizes p if there is a set J C N of 
density 1 such that wk— lim (p) = 77 . Linear cellular automata asymptotically 

SBj—>-oc 

randomize a wide range of measures, including most Bernoulli measures [^[30l and 
Markov chains |35l I34| . and also Markov random fields supported on the full shift, 
subshifts of hnite type, or sohc shifts [371 [36]. Indeed, the current literature has no 
examples of nonperiodic measures on Z/ 2 '^ that are not asymptotically randomized 
by LCA. We will now show that a broad class of quasisturmian measures are not 
asymptotically randomized by the linear CA <I> = 1 + cr. 

A measure p G M.{A^) is dyadically recurrent if there is a sequence Uk > 00 
and constants e, (5 > 0 such that, if fc G N, then p^k] > e, where we define 

9Ife := (a G A^ ; at. = at+ 2 ^k for all i G [0...(52”*’)}, (34) 

Thus, if Nk '■= 2"*=, then a[o,.. 5 Ar^) = SL\^Nk...Nk+SNk) ^ ^ ^ ^ subset of 

measure e. 

Proposition 15.1. If p is dyadically recurrent, and $ := 1 + cr, then $ cannot 
asymptotically randomize p. 


Proof. Let E := [—log 2 (e)] + 1, such that 2 ^ Find AT G N such that, if 
k> K, then > E. Let J := {2’^'“ + j ; ^ > AT and j G [0...,52"'=-i)}. 

Then 


density (J) > 


#f2"C..2"''+52”‘’“A 

lim — - - h 

k^oo #[0...2"'=+i] 


lim 

k—rOO 


2"fc+i 


I 

4 


> 0 . 


If J = (2”*“ + j) G J, then Lucas’ Theorem (' UlOII implies that ^ + 

tecu) 
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^^+2 ^ Thus, if a G iH/c, then, for all e G [0..i?), 

te£0) 

OeG^ + y^ ae+t+2'‘fc 
tGz; 0 ') eecu) 

^ 2 • ^ ^ «e+£ = 0. 

t^C(3) 

(*): if € G [0..j], then e + ^ < E + j <2 - (52”'““^ = 52"*^, so ae+^ = ae+(.+ 2 ^k , by 

eon. llMIl . 

Thus, if D := {b G -4^ ; 5[o..£;) = [0..0]}, then $'^(a) G D for all a G Hence 
$'^(/r)[D] > tJLp\k] > e > e/2 > 2“^ = 77[D]. Thus, $'’(/r)[D] can’t converge to 
ry[D] along elements in J. But density (J) > 0; thus, can’t weak* converge 

to T] along a set of density 1. □ 

Now we’ll construct a dyadically recurrent quasisturmian measure. If L = Z, then a 
Z-action is dyadically recurrent if there is a sequence Uk k '— ^ > oo such that, for all 
t G T, d *'(t),t) < 2“"’'“. Recall the definition of the Lipschitz pseudomeasure 
from ^ 

Proposition 15.2. Letv G ° A '^, with \dv~\^ < oo. //<? is dyadically recurrent, 
then yi — (P) is dyadically recurrent. 

Proof. Fix S < ^ ; then d := 28 ■ |"P]^ < 1, so that e := 1 — e' > 0. 

2 |pIl 

If C = B(aiP,2-"'=), then A[C] < 21“"'' • by eqn.^ in ^ Observe that, 
for any t G T, (v{t) V (t))) (^t G c). Now, for any I G [0...2’^'“-’"], 

define 

B, := {tGT; = {t G T ; P (^^t)) P } 

c {t G T; G c} = ^-yc). 

[52”'= J 

Thus, A[B^] < A[C] < 21-^^^ [P]^. So if B := |J B^ then A[B] < 

t=o 

. 21-"'= [P] ^ = 2d [P] ^ = e' < 1. So if Rfc := T \ B and IRfc := P, (R/,), 
then = A[R/c] > 1 — e' = e. 

If t G Rfe, then = P(t)^+ 2 "fc, for all £ G [0..d2"*=). So if a G IHfe, then 

at = af+ 2 "fc, for all ^ G [0..d2"*=). □ 

When is a Z-action <; dyadically recurrent? Let T := T^; then there is some r G T 
such that C^(t) = t -1- zr for all t G T and z G Z. Identify = [0,1), and 
suppose that r has binary expansion r = 0.rir2r3 .... Say that r is dyadically 
recurrent if there is a sequence Uk > oo such that rj = 0 for all j G (nfc...2nfe]. 


y^ [ae+l + O.e+l+2'^k 
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For example, let ni = 1, and inductively define rik+i = 2nfe + 1. This gives the 
sequence {1,3, 7,15, 31,...}. Then the number 

OO 

r = ^2”'“ = 0.1^ 1 ^ 1 0000000 1 00_^ 1... 
k=l 13 7 15 

is dyadically recurrent. 

Proposition 15.3. Let R C be the set of dyadically recurrent elements. 

(a) // r G R, then <j^(t) := t + zr is a dyadically recurrent "L-action. 

(b) R is a dense Gs subset o/T^, but A[R] = 0. 


Proof, (a) For any k G N, observe that 

2"*^-r = 0.r(„j^_,_i) r(„j^+2) ... = 0. 000 ... 00 r(2n^+i) r(2»,,+2) ■ ■ ■ < 2 


Thus, for any t G T, d (t), t) = d(2’^'“r + t, t) = |2”*^ • r| < 2-’^'“. 

(b) For all G N, let In := fo, j, and let Uat := (J + In). Thus, 

if u G Utv and u := O.M 1 M 2 M 3 ..., then Un = 0 for n G [iV..2iV). Now Uat is open 
(it’s a union of open intervals), and Uat is (^)-dense in T^. Thus, for any TV G N, 

00 CXD 00 00 

Bat := Uu. IS opGn &-iid cIgiisg in T . But It. — \3ji — 

n—N A^—1 n=N A^—1 

SO R is dense and Gs. Finally, A[R] = 0 by the Borel-Cantelli Lemma, because 


H w = Y.i = 1 


< OO. 


□ 


Questions: (a) Proposition 115.l| savs there must be other weak* cluster points 
of the set X]^=i ‘^"'(A‘)}w=i besides rj. What are they? Any cluster point 
will be a ^-invariant measure, so if Hoo has nonzero entropy then = n bv 
Theorem 4.1]. Thus, we know that has zero entropy. However, Example 
says that /loo cannot be quasisturmian. 

(b) Propositions 115.11 115.21 and 115.31 together imply asymptotic nonrandom¬ 
ization for a class of irrational rotations which is comeager but of measure zero. 
Is there any quasisturmian measure which is asymptotically randomized by any 
cellular automaton? 
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